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ABSTRACT

We present a class of integer sequences {cy, } with the property that for ev-
ery p-invariant and ergodic positive-entropy measure p on T,
{cnz (mod1)} is uniformly distributed for u-almost every x. This ex-
tends a result of B. Host, who proved this for the sequence {¢"}, for ¢
relatively prime to p. Our class of sequences includes, for instance, the
sequence ¢, = Y fo(n)q", where the numbers g, are distinct and are
relatively prime to p and f, are any polynomials. More generally, recur-
sion sequences for which the free coefficient of the recursion polynomial
is relatively prime to p are in this class as well, provided they satisfy a
simple irreducibility condition.

In the multi-dimensional case we derive sufficient conditions for a pair of
endomorphisms A, B € End(T¢) (with A diagonal) and an A-invariant
and ergodic measure u, such that B-orbits of the form {B"w} are uni-
formly distributed for p-almost every w € T¢.

1. Introduction

The focus of this article is the following property, motivated by Host [5]:

Definition 1.1: Given an integer p > 1, a sequence of integers {c,} is called a
p-Host sequence if it has the following property:

If 4 is a Borel measure on the torus T =R/Z, invariant for o,: =z — pzx
(mod 1), ergodic with positive entropy, then {c,z (mod1)} is uniformly dis-
tributed for p-almost every z.

(See more details in the background below.)

Received September 6, 1996

155



156 D. MEIRI Isr. J. Math.

Denoting by A Lebesgue measure and by o.u = poo.! the image of u under
the map 0. : z — c¢-z (mod 1), an easy application of Weyl’s criterion gives

1 N-1
N Z Tc b — A
n=0

Host [5] establishes a connection between property 1.1 and the asymptotic
distribution of {cg (modp™) £"261 when n — 0. The main theorem there is that
{¢"} is a p-Host sequence, whenever p and g are relatively prime. In particular,
Host concludes that a p- and g-invariant measure with positive entropy must be
Lebesgue measure, thus giving a short and elegant proof of Rudolph’s theorem
[17].

The key to extending Host’s theorem is a refinement of the combinatorial prop-
erties {cx (modp™) ilgl is required to possess. We concentrate on sequences
with almost-sub-exponential collisions modp (see Definition 2.1). In essence,
this means that after dropping a small set, the number of “collisions” (coinci-
dences) between elements in {cx (modp™) z:gl is not exponentially bigger than
p™. Host’s theorem can be easily extended to sequences with this property (The-
orem 3.1); this property, in turn, is valid for any sequence that is the restriction
to N of a non-constant p-adic analytic function. More precisely, a p-adic inter-
polation of a sequence {c;} is a continuous function G{z), defined in the unit
disk of @, (or some finite extension of Qy), with ¢, = G(k) for all k¥ € N. Since
N is dense in the disk, such an interpolation, if it exists at all, is unique. It turns
out that various analytic properties of G are reflected in various combinatorial
properties of {c;}; for an exact statement see Theorem 3.2. The two theorems
together give:

THEOREM A: Let {cx} be a non-constant sequence of integers, and p a prime
number. Suppose {ci} has a smooth p-adic interpolation G, defined in the unit
disk of Q, or some finite extension of Q. Suppose also that G has finitely many
critical points. (This holds, in particular, if G is analytic.) Then {c} is a p-Host
sequence.

If p is not prime, the same holds true if {c;} has a smooth interpolation with
the same property in Qp, fo_r every prime p’ dividing p.

A basic example of p-Host sequences arise from linear recursions (Theorem 5.2):

THEOREM B: Let {c;} be a sequence of integers satisfying a linear recursion

Crp = Q1Ck—1 + Q2Ck—2+ -+ arCr—p,
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for some integer constants ay,...,ar (ag, #0) and for all k > L. Assume that:
(i) {cx} has no constant arithmetic subsequences (this is always the case if no
roots of the recursion polynomial, or their ratios, are roots of unity).
(ii) az and p are relatively prime.

Then {cx} is a p-Host sequence.

By composing analytic functions it is also possible to derive some examples of
p-Host sequences which are not recursive; e.g., the sequences 22k, 2F% and Fy
are all 3-Host, when {F%} is the Fibonacci sequence.

The conditions of the last theorem are clear for ¢ = Eszl f.(k)g*, when
lg1],---,]qr] > 1 are distinct and are relatively prime to p. Using this theorem,
we turn to study orbits of endomorphism in T2. We have:

THEOREM C: For A = (g 2), let p be an A-invariant and ergodic measure

with positive entropy. Let B € End(T?) be another endomorphism.
Assume that for every dy,dy not both zero, there exists (a,b) € Z? such that:
(i) Projecting p by map @ (x,y) = az + by (mod 1), the entropy of the
projected measure h(mq ppt, 0p) is strictly smaller than h(y, A).
(ii) cx = (dq,dy)B* (_ba) has almost-sub-exponential collisions (mod p).
Then for p-almost every w € T, the orbit { B"w} is uniformly distributed.

The theorem we prove is somewhat more general; see Theorem 6.1. For a gen-
eral version in T¢ we refer the reader to Meiri and Peres [14]. In Theorem 6.4
we use the results on linear recursions to give conditions on B in terms of its
eigenvalues such that (ii) holds. The main idea here is the simple observation
that a sequence {c;} defined by (ii) satisfies a recursion polynomial whose char-
acteristic roots are the eigenvalues of B. We end this section with a discussion of
maximal-entropy measures on Cantor sets. Here condition (i) above — a decrease
in the entropy of p# — is equivalent to a decrease in the Hausdorff dimension,
when the set in question is projected by 7, 5. As before, the conditions we derive
also ensure that -11\7 Y B"u converges weakly to Lebesgue measure on T?.

These measure-theoretic results can be used to examine bi-invariant sets in T?,
leading to reducible analogues of Berend’s results (see background). In particular
we prove in 7.1 the following result of B. Kra:

THEOREM D ([11]): Fori=1,2, let p,,q, be a pair of relatively prime integers
> 1. Suppose that p; # p2 or ¢1 # q2. Then for every irrational a, 3, the set
{pTeT*a + p3 g5 B}y, m>1 is dense mod 1.
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ORGANIZATION. After some background in the rest of this introduction, we
define in §2 the combinatorial conditions we need of integer sequences when
projected to Z/p™Z.

In §3 we formulate and prove an extension of Host’s theorem (3.1), and
formulate our main Theorem 3.2. The theorem is proved in §4. Together they
yield Theorem A above.

In §5 we investigate linear recursions, and prove Theorem B.

In §6 we study orbits of endomorphisms in T?, and derive some multi-
dimensional analogues to Host’s theorem, including Theorem C. This is used
in §7 to examine bi-invariant sets in T?, and to prove Kra’s theorem D.

Finally, §8 contains concluding remarks and questions.

BACKGROUND. H. Furstenberg [4] showed that an infinite closed set in T,
invariant under multiplication by two multiplicatively independent integers p
and q (logp/logq ¢ Q), must be all of T (cf. [2]). He also asked if a similar result
holds for bi-invariant measures on T, i.e., if the only non-atomic Borel measure p
on T invariant and ergodic under multiplication by p and ¢ is Lebesgue measure.
Berend [1] extended Furstenberg’s topological results to T¢, establishing nec-
essary and sufficient conditions on a commutative semigroup G C End(T?), such
that the only closed infinite G-invariant set in T¢ is T¢ itself. The measure-
theoretic question remained open for a longer period, and in fact, in the form
presented by Furstenberg is still unsolved, since all authors also need to assume
i has positive entropy. Lyons [13] obtained a first partial result under the extra
assumption that p is exact and p and g are relatively-prime. Rudolph [17] used
symbolic dynamics to give a new proof without the exactness assumption, and
two years later Johnson [6] extended the theorem for p and g multiplicatively
independent. Feldman [3], motivated by Lyons’ argument, gave another proof.
A different approach was taken recently by B. Host [5]. Assuming only that p
is p-invariant, ergodic and with positive entropy, Host noticed that the desired
result would follow for an integer ¢ from the stronger statement that for p-almost
every z € T, the sequence {¢"z (mod 1)} is uniformly distributed, i.e., that

1
-ﬁ#{ogk<N:qkzeI}——>|I|,
for all intervals I C T. In other words, the requirement is that y-almost every z

is normal in base q. By Weyl’s criterion this is equivalent to

N-1
1 n
(1) Ya € Z,a #0, N Z e(aq”z) — 0 p-a.e.,

n=0
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writing e(t) = e?™**. This condition implies
N-1

1
(2) 5 Z ogt —> A (in the weak* topology).

n=0

Johnson and Rudolph [7] noticed that from (2) it follows that
(3) ogih—> A, whenn— ocoandn¢gJ

for some set J with zero density.
Finally, (3) implies
(4) Og=p = p=A

Thus, in a sense, Furstenberg’s conjecture is the weakest among several possible
statements. On the other hand, knowing that every bi-invariant positive-entropy
measure £ ergodic to the action of the semigroup (op, ) is Lebesgue, guaran-
tees (2) for every p-invariant ergodic positive-entropy measure y. Indeed, if v is
some weak™ limit point of the averages in (2), by the upper semi-continuity of en-
tropy for expansive maps (cf. Walters [19], Theorem 8.2), h(v,0;,) > h(u,0p) > 0.
Surely, v is 0, and o, invariant. Let v = [ v, dz be the ergodic decomposition
with respect to (op,0,). By our assumption, every component with positive en-
tropy must be Lebesgue. An argument by Johnson and Rudolph [7] now shows
that almost all ergodic components have positive entropy, hence v = A.

Several authors have investigated normality of numbers in different bases (cf.
[5] for some references and discussion). Host used this approach to prove (1) when
p and q are relatively prime, thus deriving Rudolph’s theorem (cf. Theorem 3.1
below). Unfortunately his method does not seem to extend to multiplicatively
independent pairs of integers (cf. [12]).

2. Combinatorial properties mod p"
We denote by # A or |A| the cardinality of a finite set A. We will use N to denote
the set of non-negative integers.

Looking at the first NV values of {c; (modp™)}, we examine sizes of cells

Ay(N,n) =#{k:0<k<N,c, =t (mod p™)}

for a cell number £, 0 <t < p™. Assembling these together gives the collision
number
p"—1

T(N,n) =Y AuN,n)?=#{0<kl<Nicy=c (modp")}.

t=0
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We will be interested in computing this number for N = p". Obviously I'(N,n) >
N, and we will need to know when I'(N, n) is not much bigger. A set A C N is
said to have density < 7 if, for every N,

|AN{0,1,...,N — 1}]
<
(5) N <v

Definition 2.1: Let {c;} denote some integer-valued sequence, and fix an integer
p>1.

(i) {cx} has bounded cells (mod p) if for some M we have A;(p",n) < M
foralln > 1 and 0 <t < p™. (In this case ['(p",n) < p"M?2.)

(i) {cx} has sub-exponential collisions (modp) if for every € > 0,

: n n(l+e) _
Jim T'(p",n)/p 0.

(iii) {cx} has almost-bounded cells (modp) if for every v > 0 there exists a
set A C N with density < v and some M (which might depend on «) such
that for every n > 1 and every 0 < ¢t < p",

#{k:0<k<p' k¢ A c=t (modp")}<M.

(iv) Similarly, {cx} has almost-sub-exponential collisions (modp) if for
every v > 0 there exists a set A with density < -, such that for every
e >0,

(6) lim #{k1:0<kl<p", kIgA c =¢ (modp™)}/p"1*9) =0.
17— 00
Examples:

1. If q is relatively prime to p, it is easy to see that the order of ¢ in (Z/p"Z)*
has magnitude p™; hence ¢, = ¢* has bounded cells mod p.

2. ¢, = k? has sub-exponential collisions, but does not have bounded cells;
in fact one can show that its collision number I'(p™, n) is of order np™. For
prime p the exact result is

np ifp=2,
T(p",n) =
®"n) { (1+ %ln)p” if p > 2, p prime.

7
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3. ¢x = k", r > 3, does not have sub-exponential collisions; indeed,
Ao(p,n) = #{0 <k <p™: k" =0 (mod p")} = p"/pl*] ~ p»(1=1/7),

hence T'(p", n) > Ag(p™, n)? ~ p™2(-1/7), Since 2(1 — 1/r) > 1, the zero
cell alone is already too large. However, from Theorem 5.2 it will follow
that {k"} has almost-bounded cells.

4. According to Host [5], the Fibonacci sequence has a collision number
T'(p™,n) of magnitude np" (a result of T. Kamae), and so has sub-
exponential collisions. The fact that it is a p-Host sequence also follows
from our theorems.

5. The following example {(by Y. Peres) shows that a sequence with sub-
exponential collisions need not have almost-bounded cells. Let p = 5, and
build {cx} from increasing powers of 3, where 37 appears |logj| times.
When comparing {ck}zl_ol to {3*}, it is easy to see that about half the
cells expanded in approximately factor n. Remembering that {3*} has
bounded cells mod 5, the claim is now clear.

The examples above show that the only implications among the four properties
are the trivial ones: (i)==(ii)==(iv) and (i)=(iil)==(iv).

3. Classes of p-Host sequences

The main result we present assembles these examples and many others. We
can summarize it in two theorems, the first a reformulation of a theorem of
Host, originally proved for sequences whose period when projected to Z/p"Z is
of magnitude p™.

THEOREM 3.1: Given an integer p > 1, if {cx} has almost-sub-exponential
collisions mod p, then it is a p-Host sequence.

Our main theorem presents sufficient analytic conditions as to when a sequence
{cx} has bounded cells or almost-bounded cells. (Remember that both properties
imply almost-sub-exponential collisions.) For a prime p, we denote by @, the p-
adic number field. Given a finite extension K 2 Qp, let

B(K) ={reK:|z|, <1}

denote the closed unit disk of K. Henceforth | - |, will denote the extension of the
p-adic norm from Q, to K. By a smooth p-adic interpolation of {cx} we mean



162 D. MEIRI Isr. J. Math.

a continuously differentiable function G, defined in B(K) for some extension K,
such that G(k) = ¢ for all k € N.

THEOREM 3.2: Let {cx} be a sequence of integers, and let ¢ > 1 denote a
fixed integer. Suppose that for each prime p dividing q, the sequence {c;} has
a smooth p-adic interpolation Gy, defined in the unit disk B(K,) of some finite
extension K, 2 Qp.
(i) If each G, has no critical points, i.e., G(z) # 0 for all plq and z € B(K,),
then {cx} has bounded cells mod q.
(i1) If each Gp has only a finite number of critical points, then {ci} has almost-
bounded cells modq. (This condition is clear when G, is a non-constant
analytic function.)

We postpone the proof of Theorem 3.2 to the next section.

Remark: An immediate example of a p-Host sequence is a polynomial sequence,
i.e., a sequence of the form ¢, = Zf:o a,k*. Indeed, for every irrational a, a
classic result of Weyl states that {cra (mod 1)} is uniformly distributed. Since
an ergodic measure g with positive entropy must be non-atomic, p(@Q@ N T) = 0,
hence {cgz} is uniformly distributed y-a.e. From the combinatorial point of view,
all polynomial sequences have almost-bounded cells.

Proof of Theorem 3.1: 'We rephrase here the proof from [5] with the necessary
modifications. Fix an integer a # 0. Define e(z) = €*™* for z € T = R/Z, and
let

gn(z) = 1 e(ackx).
k=0

We need to prove gy —» 0 p-a.e., when u is as in Definition 1.1.

Define w, = Z?:gl p * 8,p-n, and denote by ¢, = du/dw, the Radon—
Nikodym derivative.
LEMMA 3.3: goi/n —s e~* p-a.e., where h = h(p,0,).

Proof: Denote by « the p-partition:

{5
a=q|= .
rp p =0
The lemma follows from the observation that —logy, = Iag—llam, the condi-
tional information function. (See a detailed proof in [5], or more hints in the
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proof of Theorem 6.1 below.) Now,

1 1
——l n — In
o og Y n 1

ag T age
1
= sUajag Hlajjage + -+ Jay oz
1 -
= E[I"‘“?" +0plajar + - 4+ 05 ajage]
— /Iala‘l"’ d/,b = h,
by the Ergodic Theorem. | |

Note that {acy} has almost-sub-exponential collisions as well. Fix vy > 0, and
let A C N be a set with density < v, as in Definition 2.1 applied to {aci}. Define

N-1
1
Zeackz

=0
ZA

R‘??'

Since sup e |gn (2) — gn ()| < |AN{0,...,N = 1}|/N < v, and ~y can be made
arbitrarily small, it suffices to prove that gy — 0 p-a.e.

LEMMA: For every € > 0 and every n large enough, for all p"~! < N < p”

'gN(w)‘z 2e
(M @) dp < N*.

Proof of lemma: Since i dy < dwy,, we have

-1
lgN )12 S/IQN 2 duoy, = /meﬂp "I du(e)

elalck — ¢)z) du(z) .

Since the summation over j is zero when acy #Z ac¢; (mod p™) and is p"

otherwise, we get
v @ )« Lo o<k I<N:ki¢A ace=ae (modp")}
mﬂ_ﬁgiﬂ #{0<k,I<N:k, , acg = ac; (mod p
pn
< ']Vipn(l+€) < N2E’

using (6), for every n large enough. [ ]
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To complete the proof of the theorem, take 6 < h/2logp and € < §/2. Choose
some k with k(6 — 2¢) > 1. For each N, let n = n(N) be the unique integer such
that p"~1 < N* < p". Assuming without loss of generality that (7) holds for
n > 1 we have

Z“’ |gn+1? N2ke 1
———du < = < 00.
ké - kd k(6—2¢
=] N¥o,n, ZN N ZN Nk(@-2)

Hence
|gne]?

]—V—% — 0 p-ae.  when N — o00.

For almost every z, p,(x) < e”™/2 for all n sufficiently large, and so for our
choice of 4§ one can see that N’“‘Sgon(N)(:c) is bounded. Thus Gy« (z) — 0 as well.
From here it is easy to conclude that gy — 0 p-a.e. n

To conclude this section, and before proving Theorem 3.2, we list a few
properties of H,, the class of p-Host sequences.

PROPOSITION 3.4: H, is closed under multiplication by a scalar, addition of
a scalar, and translation. But a sum of two sequences in H,, might fail to be a
p-Host sequence.

Proof: If {cxz} is uniformly distributed (mod 1), so are the sequences {acyz},
{(cx + a)z} and {ck+qaz} (for a non-zero integer a). On the other hand, if q is
relatively prime to p, the sequences {¢"} and {p™ — ¢"} have bounded cells mod
p, and so are in H,, but their sum {p"} is obviously not. |

Next we give an example of a sequence that does not have almost-sub-
exponential collisions, yet is a p-Host sequence. This shows that the converse
to Theorem 3.1 is false.

Example 3.5: The sequence {2"3™} for p = 2,3.

Arrange the numbers {2"3™}3°  _ in increasing order: 1 =cy <c¢; <cz--+,
and let p be 2 or 3. It is easy to see that G(k) = cx cannot be extended contin-
uously to the unit disk of (any extension of) Q,. In fact, {cx} lacks any of the
properties of Definition 2.1 for p = 2, 3, since most values of ¢ (mod p) are zero.
We claim, however, that {cj} is a p-Host sequence for p = 2,3. We show this for
p = 2. We need the following lemma, whose proof is part of Breiman’s proof of
the Shannon-McMillan-Breiman Theorem (cf. [16], p. 261).
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LEMMA 3.6: In an ergodic measure preserving system (X, B, u,T), if f, — f
a.e. and in L', and if sup,, |f,| is in L'(u), then

n—1
1
~ E T* frr — /fdu a.e. and in L',
n

k=0

Fix some a # 0. Given a gp-invariant and ergodic measure y with h(y, g2) > 0,
we need to show that

2

def

elackz) — 0 p-ae.
0

INCEED)

x
Il

Write o = logs 2, L = |log, N|, M = |CL?|. Then

1
gu(z) ~ i Z e(a2™3™z)
nlog2+mlog3<N

1 llog, N] |logs N — na}

=37 Z Z e(a2"3™z)

n=0 m=0
1 L (L-n)a
CIZ Z o3 Z e(a3™z)
n=0 m=0
1 L
=L Z 03 fLn
n=0
where
1 (L=n)a
fon(z) = I Z e(a3™z), for0<n<L.
m=0
Noting that
L—-n
fL,n = 7 fL—n,O

and writing Fi, = | fi 0], we have

L L
1 n 1 n
,gM(x), < a’;aﬂf&n, < E'ET;)UzFL_n.

From Theorem 3.1 we know that Fy — 0 p-a.e. Also, |Fi| < 1. From Lemma 3.6

it follows that 1 Z o3 Fp_, — 0 p-a.e., and our claim is proved.

n—O
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Example 3.7: Composition sequences.

Let B denote the unit ball of a finite extension K O @, and suppose that
f,g: B — B are analytic. Then f o g need not be analytic (cf. Schikhof [18],
Ex. 41.1), but is still smooth and with a finite number of critical points. Using
Theorem 5.2, this gives examples of p-Host sequences which do not satisfy a linear
recursion. For instance, for p = 3, the following sequences have almost-bounded
cells (mod 3): 22", 95" 2F% and Fy, where {F}} is the Fibonacci sequence.

4. Proof of Theorem 3.2

We follow the notation of Theorem 3.2. For a prime plg, let B, = B(K,) be the
domain of Gy, and let Z, = {z € B,: G,(z) = 0}.

Let ¢ =1, pf * be the decomposition of g to prime factors, and set ¢ = [ p;.
We initially treat the first case, where Z, = @ for all primes p|q.
CLAIM 4.1: If for every prime plq we have G,(z) # 0 for all € By, then {cx}
has bounded cells.

The key lemma is

LEMMA: For every prime plq there exist integers d,r > 0 such that for every pair
of distinct z,y € B,

(8) lz—yl, <p7? = |Gp(z) — Go(W)lp 2P|z — ylp-

Proof of lemma: To ease the notation we fix p, and write G for Gp.

If (8) were not true, we could find for every n a pair of distinct points Z, yn
satisfying

1
) |G($n) - G(yn)|p < Elzn - yn|p'

S

|0 — yn'P <

Recalling that K, is a finite extension of Q,, its unit disk B, is compact. Hence
{z»} has a convergent subsequence, so we can assume x, — z. We must have
Yn — T as well, and so

G(xn) - G(yn)

G'(z).
P (z)
But
Clan) ~ Glun)| _ 1
Tn =Yoo |,

hence G'(z) = 0, a contradiction. ]
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By taking d,r large enough we can assume that for all distinct 4,/ € N
(9) k=l <p™ = 1G(k) =GOl 2p |k -1,
for every prime plq. Here we write G(k) = ¢ for k € N.

Proof of Claim 4.1: To prove the claim, we show that the size of each cell is
bounded by ¢"t%. So pick some arbitrary t-cell

C={k:0<k<q", Gk)=t (modq™)}.

Break C into ¢ sub-cells, according to the value of k (mod ¢?). Suppose that k, I
are in the same sub-cell. For i = 1,...,s, since §%|k — | we have |k — Up, < p:d,
and so, by (9), |k —ll,, < p[|G(k) — G()|p,. But G(k) = G(l) (mod ¢"), hence
|G(k) ~ G(1)],, < p. ™, and we conclude that |k — I, < p; ™", or in other
words pf’gb_r|k — . Since this is true for all t = 1,..., s, we conclude that k —{
is divisible by []p*~" = ¢"/4". Thus the size of each sub-cell of C is bounded

by §". Summing over the ¢ sub-cells we see that the size of the t-cell is bounded
by §"t¢. |

We turn now to the general case, where Z, is only assumed to be finite. Let
Ap ={keN:|k—z|, <p™™ for some prime p|g and some z € Z,}.

We claim that {A,,} can serve as the exceptional sets of Definition 2.1. We first
note that

|Amﬂ{0,...,q"—1}|§2Z#{0§k<q":|k—z|p§p_m}

pla 2€2Zp

qn
< Z ]Zp|'pﬁ
plg

and so |4, N{0,...,¢" — 1}|/¢™ — 0 when m — oo.

LEMMA: For every m and every prime p|q there exist positive constants d, r such
that equation (8) holds for every pair of distinct x,y in By \ Ap,(p), where

ef
An(p) &

Proof of lemma: Observe that inf,g, . (p) |Gp(2)] > 0, by the continuity of G,
in By, |

{z€By:|x—z|p <p™™ for some z € Zp}.

By taking d,r valid for all p|q, we can see as before that {cx : kK ¢ A} has
bounded cells. This concludes the proof of the theorem. |
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Remark: An elaborate study of the situation around critical points can be
conducted, showing that the sizes of cells in {cx : k € A} is of magnitude
at most O(§*>™*), where u is the maximal order of a critical point. We omit the
proof.

The theorem can be refined in several ways: First, from the proof of the general
case it is clear that the assertion (ii) of the theorem remains true if we replace
the hypothesis of the theorem with the following condition:

for each plq there exists a closed set N, C B, with zero Haar
measure, such that G, is continuously differentiable and with no
critical points in By . Np.

Indeed, all we need to do in this case is to enlarge An,(p) (and hence A,,) by a
finite number of small balls, covering N, U Z,,.

Another refinement is the following: suppose that for every k, we choose
¢k arbitrarily from Gi(k),...,Gi(k), where each of the ! functions Gi,...,G;
satisfies the conditions of the theorem. Then {ci} has almost-bounded cells, and
if G1,..., Gy have no critical points at all, then {cx} has bounded cells. This is
clear, since each cell in {cx} is contained in the union of corresponding cells from
{G1(k)},...,{Gi(k)}. This simple observation will be useful in the next section.

5. Linear recursions

Let {cx} be a sequence of integers satisfying a linear recursion of length L:
Ck = 01Ck—1 +A2Ck—2 + + ALCk—L

for some integer constants ay,...,ar (ar # 0) and for all k > L. We ask in this
section when such a sequence is a g-Host sequence. By Theorem 3.2 we can get
a sufficient condition once we realize it as the restriction of a smooth (or, as it
turns out, an analytic) function in a finite extension of Qp, for any prime factor
pofq.

Let A, be the (complex) roots of the recursion polynomial

(10) AE =a1)\L'1+---+aL_1)\+aL.
Then A* are the fundamental solutions of the recursion, and {cx} can be

represented as ¢, = G(k) = Y. b,(k)A\¥, where each b, is a polynomial, and
deg(b;) < multiplicity of A,.
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Usually this correspondence is used for real or complex parameter, but we can
carry it without any change to a finite extension of @, containing all the roots
of (10).

Example: Fibonacci sequence: The simplest non-trivial example is of course
Ck = Cy—1 + cx—o. Here we should take

1+v5) 1-v5\"
G($)=b1< ) ) +b2< 2 )

In R, G(z) is well-defined for an integer z, but not for a continuous parameter.

In Q,, however, the situation is different (and, eventually, better):

(i) Q, contains a square root of 5 only when 5 is a quadratic residue mod p,
and this happens when p = 1 (mod5) or p = 4 (mod5). For other p we
replace Q, by Q,(V5).

(i) A second problem is that G(z) is not defined for all z € B, the unit disk
of Q, (or Q,(v/5)): for \* = exp,(zlog, A) to be defined, we must have
|A =1}, < 1 (so that log, A is defined) and |z log, |, < p~ /(=1 (so that
exp, is defined).

We will shortly show how to overcome these problems, but first we wish to con-
sider another possible obstacle: if {cx} has a substantial constant subsequence,
it obviously cannot have bounded cells (or almost-sub-exponential collisions). In
particular this is true for an arithmetic subsequence, i.e., a subsequence along an
arithmetic progression.

Definition 5.1: Let zx = a1Zx—1 +aTk_2+---+arzi_L be a recursion scheme,
and assume ay # 0. We call the scheme non-degenerate if the only sequence
{ck} satisfying the scheme and having a constant arithmetic subsequence is the
Z€ero sequence.

Let A1,..., A be the I’ < L distinct roots of (10). When all the roots are
simple, L' = L. The roots are all non-zero, since ay, # 0.

ProPoSITION 5.1: In the above notations, the recursion scheme is non-
degenerate iff

(11) A, and A\, /), are not roots of unity, for every 1 <i < j <L’

Proof: To see the necessity of the condition, pick some d > 1 and expand the
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Van der Monde determinant (denoting Ag = 1)

I |
oy g,
d
det| . . o= I 9=
. .I ./ 0S7‘<]SL/
1 A oAb

If (11) does not hold, the determinant is zero for some d, hence {1}, {\¥},, ..
{)\’[‘}’}k are linearly dependent, and so there are constants by, by, ..., by, not all
of them zero, such that

-9

(12) bR 4 b AR = g

holds for all k. The left hand side is a constant subsequence of cx = b A¥ +--- +
b Ak, and {cx} is a non-trivial sequence satisfying the recursion.

To prove sufficiency of the condition, first note that if A, were all simple roots,
we would be done by the same calculation as above. So it is enough to show
how, given a constant subsequence cgxrn = Y b (dk + h)z\f’”’h, we can find
by,...,brs (not all zero) such that (12) holds. This is done by induction on
m = maxdeg(b,). In each step we pick some j with deg(b,) = m, and replace
{car+n} by {Cdk+1)+h — /\fcd;ﬂ,h}. This process decreases the degree of the
coeflicient of /\Jd, without making the equation identically zero. N

Note: E. Lindenstrauss showed that given a degenerate recursion, one can
always find a non-constant integer-valued sequence that vanishes along an
arithmetic progression.

We can now solve the question alluded to in the beginning of this section:

THEOREM 5.2: Let {cx} be an integer-valued recursion sequence with no
constant arithmetic subsequences. Let g > 1 be an integer that is relatively
prime to ay, the free coefficient in the recursion polynomial. Then {c;} has
almost-bounded cells mod q. In particular it is a ¢-Host sequence.

Proof: Since we are going to utilize Theorem 3.2, it is enough to consider the
case where q = p is prime. Let A, be the characteristic roots of the recursion, and
let K, = Q(A1,...,AL) denote a finite extension of @, containing all of them.
The recursion polynomial is defined over Z,, the ring of integers of Y, hence it
decomposes over this ring to a product of irreducible factors. Since |arl, = 1,
the free coefficient of every such factor has also p-adic norm 1, and so all the
roots of each factor have norm 1 in the extension of the p-adic norm to K,. We
conclude that |A\|, =1in K, fori=1,..., L.
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We divide the rest of the proof into two cases.

FirsT casE: K = @Q,. We will need the following properties of the log, and

exp, functions in Q,:

1. log,(1+z) = Y02, [(—1)"*'z™ /n] converges in the disk {|x|, < 1}, and

n=1

|log, (1 +2)|p < |xlp.
2. exp,(z) = Yo i (z"/n!) converges in the disk {|z|, < p~/(P=D}.
3. log, and exp, are local inverses of each other.

Write ¢ = Zf':'l b,(k)AE as above. For 0 < h < p — 1 define
Zb kAR

Pick some )\, and write it in Q, as A, = Z;‘;o d,p’,0 < d, < p. Since |\, |, = 1,
do # 0, and so d5~" = 1 (modp), hence |\*~' — 1|, < p~'. Tt follows that
log, (AP ~1) is well-defined (cf. [10], p. 26). Now, assuming for a moment that
p > 2, for |z|, <1 we get

]xlogp()\f_lﬂp <lzlp - ]Ag_l -1fp < pi< p—l/(p—l)y

and so exp,(x logp()\f_l)) is well-defined in the unit disk B = {z : |z|, < 1}.
The last expression will serve as the definition of (Af _1)$. This definition agrees
with the rational one for a rational integer z = k. We thus see that each function
Ghr(k) can be extended to a function Gy, (z) = 3, b, ()M (AP™1)”, analytic in B.
By our assumptions on {cg}, the functlon Gr(k) = c(p—1)k+n is non-constant,
and hence all the conditions of Theorem 3.2 are satisfied. It follows that each
of the p — 1 subsequences {Gp(k)}; has almost-bounded cells. Looking back at
Definition 2.1 we see that {cx} has this property as well.

The case p = 2 should be handled separately, since in this case Gp{x) is defined
only for |z|, < p~'. But we can just split {cx} into more subsequences, defining
Gh,(z) = Gr{pz + j), for 0 < j < p. G, is defined in the whole unit disk, and
so again we conclude that each of the finitely-many subsequences {Gj ,(k)}x has
almost-bounded cells.

THE GENERAL CASE: K= Qp(A1,...,Ar). log, and exp,, are defined as above
and have the same properties; the only problem is that our observation that
|AP 1o 1|, < p~! is no longer necessarily true. However, we can use the following
simple lemma:
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LeEMMA: For somem > 1, A" —1|,<p ! fori=1,...,L.

Proof: By considering powers of A, and using compactness, for every i there
exists some m, with |\ — 1|, < p~1. Now take m = my-...-my, and note that
[Am — 1], < p~ ! as well. |

(We remark that it is actually true that there exists some m such that
2™ — 1], <p ! for all X € K with ||, = 1.
p>P P
Using this lemma we can split {cx} to m subsequences (instead of p — 1), and

continue as before. This concludes the proof of Theorem 5.2. |

COROLLARY 5.3: Let qi,...,qp be integers # —1,0,1, such that |q;|, ..., |qL| are
distinct and are relatively prime to some fixed integer p>1. Let f1,..., fL be
arbitrary non-zero polynomials. Then ¢, = fi(k)qF -+ fL(k)q% has almost-

bounded cells (mod p), and so is a p-Host sequence.

6. Uniform orbits in the d-dimensional torus

The general problem we wish to answer is the following: Let A, B be two
epimorphisms of the d-torus. Given an A-invariant and ergodic Borel measure
p on T¢ with positive entropy, when can we guarantee that for y-almost every
w € T¢, the orbit {B™w} is uniformly distributed in T¢?

For simplicity, we will demonstrate the results in the 2-dimensional torus, T?.
Our methods apply to the case where A is diagonal. We start with treating the
case where A is a scalar matrix: A = (g 2). We refer the reader to [14] for a
formulation and proof of the general d-dimensional case.

We begin with some notations and definitions. Let a,b be two relatively prime
integers. Denote by 7, : T2 — T the projection map (z,y) — az + by
(mod 1). Let 7, ppt be the image of p under the map 7, 5. Since p is A-invariant,
Tqplt 18 op-invariant. We call the pair (a,b) an entropy-decreasing direction
if h(mgpp, 0p) < h{p, A).

THEOREM 6.1: Let A= (8 2), for p an integer. Suppose that p is a Borel A-
invariant measure on T2, ergodic and with positive entropy h(u, A). Let B = (b,,)
be a matrix of integers. Then:

(a) If for a pair of integers di,dy there exists some entropy-decreasing direc-

tion (a,b) such that the sequence cx = (d1,d3)B*( %) has almost-sub-
exponential collisions mod p, then

= Z ( dy, ds Bk(y>) —0 p-ae
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(b) If this is true for all (di,d2) # (0,0), then for u-almost every (z,y) €

T?, the sequence {B"( )} is uniformly distributed on T2. Consequently,

1 ¢N-1pn
~2o B
B-invariant then p = my,.

u — my, Lebesgue measure on T?. In particular, if i is also

For the proof of the theorem we will need the following lemma, which is an
analogue of Lemma 3.3. An idea of B. Weiss simplified the original proof.

LEMMA 6.2: Let A= (g 2), for p an integer, and let u denote an ergodic Borel
"1

A-invariant measure on T?. Define measures w, = Zj:o K * 8(3p-n 0), and let

n = du/ dw, be the Radon-Nikodym derivative. Then <p}/ " e Mpae,

where b’ = h(u, A) — h(mg 114, 0p).

Proof: Denote by a and 8 the p-partitions corresponding to the X and Y axes,

B30, =R

As in Host’s proof of Lemma 3.3, we denote by B, the u-completion of the

respectively:

o-algebra of Borel sets in T? invariant to (z,y) = (z + p~™,v), and so B, =
Vv 8°. Applying a similar argument to the one in [5], one sees that p,(z,y) =
Pu(J|Bn)(z,y), if J =[5, innl) x T is the atom of o ™! containing (z,y). (This
follows from observing that

n

pr—1
Eu(f1Ba)(z,y) = D f(z+ip " ¥)¢nlz + jp",v),
=0
and taking f = 1;.) Thus —logy, = I, 1 jagov e Since h(mo1p,0p) =
H,,(8]85°), the assertion is a result of the followmg general lemma:

LEMMA 6.3: Let o, 3 denote two finite partitions in a measure-preserving space
(X,B, u, A), and suppose that oV 3 is a generator for A. Then

f n=1)geovgge — (1, A) — Hu(BIB°)  p-ace.

Proof of Lemma 6.3: Conditional probability considerations yield

Lavayz-tiavpyze = Lap=1)ave)e T Lap=(azvag

and so

~1 L
laovae = L lavB)zave)e T 58 eve)

1
——logyp, = — I nt
n
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As in Lemma 3.3, the first right-hand term converges a.e. to h{u, A), and so it
remains to show that %Iﬁo— lavpyee — H L (B165°).

Use a conditional probabilities argument to see that

3
|
—

Ig;*ll(avg);o(may) = Iﬁk|6,3°+1Va;,'°($,y)

T
—-

Igyipvase , (A% (z,y))

M

s >
]
- O

fn—k o Ak(x7y)

-
Il
=

where fr, = Iggeovaze-
We proceed as in Breiman’s proof of the Shannon-McMillan-Breiman
Theorem. From the Martingale Convergence Theorem we have f, — f
= Igipova,, H-ae. and in L', where oo = (a is the tail o-algebra. Ap-
plying Lemma 3.6 we get

—an codt = [ Fdu=Hu(81 67V o) = Hu(B157) rae,

as claimed (the last equality is part of Pinsker Lemma, see [15], Lemma 7, p. 65).
This concludes the proof of the two lemmas. [

Remark: It might be interesting to note that the limit constant k' can also
be identified as H(a | a$® v 82_) in the one-to-one extension of (T?%,u, A) to
an invertible system. This is an easy consequence of Pinsker Formula (see for
instance [15], Theorem 8, p. 66).

Proof of Theorem 6.1: Once we prove part (a), part (b) follows immediately.
So pick integers ¢, d such that ac 4+ bd = 1, and change coordinate using

d —c
o=(a %)

p"-1
W =Up and w,= Z ' x 8(yp=n ).

i.e., take

Also, let ¢, = dy'/ dw, be the Radon-Nikodym derivative. Since

b = h(,U/, A) - h(ﬂ-a,b,u" Up) = h(N,, A) - h(TrO,l)U/’a ap))
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from Lemma 6.2 we see that
1 —h' !
0"

—e u'-a.e.

Fix some integers (d;, d2) # (0,0), and consider

axte) = 37 3 e (@ m (7))

where e(t) = e2™. We need to show that gy — 0 p-a.e. As in the proof of
Theorem 3.1, we estimate the dw, integral, while changing coordinates:

|9N|2
pnolU

2rr—1
Pn

< /|9N|2U_ldwn
SN Gl
L LN ((dl,dz)(B’“ _B’)U*(“j”_")) e (z,9)

dy

k=0 3=0 y
N-1p"-1 .

1 b ¢\ (ip™"
< 2 e (@ -m (5 5) ()
N2k’10]_0 —a d 0

"

= #{O<kl<N ck =¢ {(modp™)}

where o (d1,d2)B* (%, 5) (3) = (d1,da)B* ().

By our assumptions, {cx} has almost-sub-exponential collisions mod p. On the
other hand, by Lemma 6.2, (¢, o U)l/" — e " <1 pra.e. We are now exactly
in. the same situation as in the proof of Theorem 3.1, and we conclude in the
same manner that gy — 0 p-a.e. |

Note that part (a) implies that {(d;,d2)B*w} is uniformly distributed for u-
almost every w € T2. We also have the following corollary:

THEOREM 6.4: Let A, B and u be as in Theorem 6.1. Assume that B has two
eigenvalues A1, A; # 0 such that

(13) det B, p are relatively prime, and A1, A2, A1/)z are not roots of unity.
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Furthermore, assume that there exists some entropy-decreasing direction (a,b)
for which (__ba) is not an eigenvector of B. Then all the consequences in (b) of
Theorem 6.1 hold.

Proof: Fix some integers (dy, d3) # (0,0), and let ¢ = (d1,d2)B* ().

{ck} satisfies a recursion scheme with characteristic roots A1, A2. By
Theorem 5.2 we can conclude that {cx} has almost-bounded cells mod p, once
we show that it has no constant arithmetic subsequences. We can then apply
Theorem 6.1.

Since the scheme is non-degenerate (using the condition on A;, Ay and
Proposition 5.1), if {cx} had a constant arithmetic subsequence, {cx} would have
to be identically zero. Write (_ba) = aju; +asuy where uy, uy are the eigenvectors
of B corresponding to A;, A\;. We have ¢, = (dy,d2) - (a1 A\¥uy + agA5u,). Assum-
ing that ¢, = 0 for all k, we must have dimspan,{a; \¥u; + azA\5u,} < 1, hence
{ayui,azuy} are linearly dependent. But then a; or a; are zero, and so (_ba) is
proportional to some u,, contradicting the last assumption of the theorem. |

We add one more corollary:

COROLLARY 6.5: For A,y as in Theorem 6.4, if in addition h(u, A) > logp,

then for any matrix B satisfying (13) all the consequences in (b) of Theorem 6.1
hold.

Proof: Take some (° ) which is not an eigenvector of B. As

h(ﬂ'a,b/'l’a ap) < lng < h(N, A)a

the direction (a,b) is entropy-decreasing. Now apply Theorem 6.4. |

Examples: 1. Product measures. Let y = p; X po, with p1, uy some p-invariant
measures with entropies hq, hg, respectively. The total entropy of u is A = hy+hao,
and we assume h > 0.

If by > 0, take (a,b) = (0,1). As h(mg1p,0p) = hy < h, this direction is indeed
entropy-decreasing. (1,0) is an eigenvector of B iff B is upper-triangular. If this
is the case, we surely can’t guarantee in general uniformly distributed orbits;
for instance, if we take uy = dg, an upper-triangular B would leave the X-axis
invariant, insuring that p-almost every point does not have a uniform orbit. (It
is easy to see in this example that (0, 1) is the only entropy-decreasing direction.)
On the other hand, if B is not upper-triangular, we are in a position to apply
the last theorem.
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The situation is similar if Ay > 0: in this case B must not be lower-triangular,
and then (a,b) = (1,0) will do.

If both hi,hs > 0, we claim that any B satisfying (13) will do. Indeed, if
B is not diagonal, one of the two arguments above will work. But choosing
(a,b) = (0,1) or (a,b) = (1,0) will also work If B is diagonal, although both are
eigenvectors: use Theorem 6.1, taking (a,b) = (0,1) if d; # 0 and (a,b) = (1,0)
otherwise.

2. Diagonal measures. Let p be a o,-invariant measure on the diagonal
A = {(z,z): = € T}. Given a direction (a,b),

’ a= ‘bv
(MaA)a a 7(‘_ ~b.

Thus we are forced to take (a,b) = (1,—1). To use Theorem 6.4, (1,1) must
not be an eigenvector of B. Again, this is a natural condition, since otherwise

0
h(mappty0p) = h(Oagbpt, 0p) = { L

the diagonal is invariant under the action of B, and no orbit will have a uniform
distribution.

3. Measures on Cantor sets. The rest of this section is devoted to pointing out
a connection between entropy-decreasing directions and a similar phenomenon in
Hausdorff dimension of Cantor sets.

To build a Cantor set in T¢, pick an integer p (the base), and a set of allowed
digits A C {0,...,p — 1}¢. The set

Ky={we T :w= Zv,p",\ﬁv, €A}

1=1

is called a simple p-invariant set in T¢. It is well known that its Hausdorff
dimension is dimyg K, = logr/logp, where r = |A|. Let p denote the natural
measure on Ky, i.e. the one induced from the product measure on []7° A which
assigns equal probability to each element of A. The measure p is A-invariant and
ergodic, where A = diag(p, ...,p). Also, uis supported on Ky, i.e., u(T2\K,) =
0. A theorem of Furstenberg ([4], prop. 3.1; for an indirect but shorter proof see
[9], prop. 2.2) asserts that

1 on(Ka, A
h(“aA) — ogr — dlmH KA — ht p( A )
logp  logp log p

Thus p has maximal-entropy among the measures supported on K.
We will suppose from now on that d = 2, and B is a matrix of integers. We

wish to use Theorem 6.4 to find sufficient conditions under which {B" (Z)} is
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uniformly distributed for p-almost every (:) We first need to find entropy-
decreasing directions:

PROPOSITION 6.6: If a direction (a,b) decreases Hausdorff dimension, i.e.,
dimp (74 sKa) < dimpy Ku, then it is entropy-decreasing for the natural mea-

sure p on K.

Proof: Suppose dimy K’ < dimy K, where K’ = 7, 3 Kp. Let v = mg pp. Then
h(l/, ap) < htop(K,aUp) < htop(KAaA) = h(/“L?A)1

hence (a, b) is entropy-decreasing. |

We remark that if dimg K > 1 every direction is entropy-decreasing, so the
interesting case is when dimy Ky < 1.
Typically, there will be an abundance of entropy- {(or dimension-) decreasing

directions. As an example, let us consider the case p = 3 and

A = {(0,1),(1,0), (1, 1)}.

It is easy to see that (1,0), (0,1) and (1, 1) are all entropy-decreasing; indeed here
h(p, A) = log 3, while h(m,pp,0,) = H(3,2) < log3, for all three cases. Kenyon
[8] analyzes this particular case in depth, and proves that dimg (7., Kp) < 1 <=
3+ a+b (Kenyon also calculates the dimension of projections in irrational
directions.) In general,

Tap KA = {Z a,p~":Via, € A'},

where A’ is the image of the map A — Z defined by (z,y) = az + by (cf. [9]).
If this map is not one-to-one, then clearly

Returning to the last example, if B satisfies (13), the three vectors
(31 (D), (77') cannot all be eigenvectors (remembering the two eigenvalues of
B are distinct), and so the conditions of the theorem are fulfilled.

We summarize this discussion with the following theorem.

THEOREM 6.7: Let K5 be a simple p-invariant set in T2, for some integer p > 1.
Let B denote a matrix satisfying (13). Suppose that the points of A C Z* are
not all on one line. Then {B™ (Z)} is uniformly distributed for p-a.e. (:), where
p is the natural measure on Kj.
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Proof: |A| > 3 from the assumptions. Draw in Z? all lines passing through two or
more points of A. Denote them by I, = {(z,y) : e,z + b,y = ¢,}, when each a,, b,
is a pair of relatively prime integers. From our previous remarks, each direction
(@, b,) is entropy-decreasing. Among all lines, find three directions u,, ug, u3 such
that uq,us are linearly independent. Let vy, vs,vs be the orthogonal vectors. If
all three were eigenvectors of B, we would have vz € span{vy,v2}, hence the
eigenvalues of B would satisfy A\; = Aq, a contradiction. Now use Theorem 6.4.
|

7. Multi-invariant sets in T¢

H. Furstenberg [4] proved that whenever G C N is a multiplicative semigroup
which is non-lacunary (i.e., not all elements of G are powers of one integer), then
for every irrational «, {Ga} is dense in T. An equivalent statement is that if a pair
of integers p,q are multiplicatively independent (i.e., logp/logq & Q), then for
every irrational o, {p"¢™a}n m>1 is dense mod 1. Furstenberg conjectured that
under these conditions, {(p™+¢™)a}n m>1 is dense as well. While this conjecture
is still open, there was some advancement in related questions. Recently, B. Kra

has proved the following:

THEOREM 7.1 ([11)): Fori = 1,2, let p,, g, be two multiplicatively independent
integers whose absolute value is bigger than 1. Assume that p; # p2 or ¢1 # ¢2.
Then for every pair of irrational numbers «, 3, the set {pTqT*a+p5q5* 8} is dense
mod 1.

We wish to present a short proof of a somewhat weaker version of this fact
using the ideas from the last section. This proof also employs ideas of Kra and
Furstenberg.

We can assume without loss of generality that p; > pa, but we will also need
to assume that p; and ¢; are relatively prime, so that {¢'} has almost-bounded
cells mod p;.

We first need the following version of Theorem 6.1:

ProrosiTioN 7.2: Let A = (pl 0 ) , B = ((h 0 ) for some integers
0 p2 0 ¢

P1,P2,q1,q2, and let u be an A-invariant and ergodic Borel measure on

Assume that (0,1) is an entropy-decreasing direction for u, and that {q]'} has

almost-bounded cells mod p;. Then for all dy,ds € Z,d; # 0 we have

(14) % Nz—le ((dl,dg)B” (;)) —0 pae

n=0
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Similarly, if (1,0) is entropy-decreasing and {q}} has almost-bounded cells mod
pa, equation (14) holds for any dy and any ds # 0.

The proof is completely analogous to the proof of Theorem 6.1, and we will not
repeat it. The main difference is that 7, put is not (in general) invariant. But if we
restrict the allowed directions (a,b) to (0,1) or (1,0) only, it is. In this case the
argument of the theorem works without a change; for (a,b) = (0, 1), the sequence
{c} defined in the statement of Theorem 6.1 is cx = (d;,d2)B* ((1)) =diqF.

We will denote by Ay Lebesgue measure on T¢.

Proof of Theorem 7.1 when p,,q, are relatively prime: Let § be the closure in
T? of {(pqT*a, p3q*B)}. By Furstenberg’s theorem, 7xS = nyS = T, where
7x,Ty denote projections on the axes. We claim that there is a Borel measure
p on T2, supported on S, which is A, B-invariant and mxp = A;. To see this
consider

M = {v : v is a Borel probability measure, Av = v, V(T2 8) =0, mxv =M}

M is non-empty, since it contains the lifting of A; from the X-axis to S. The set
M is also convex, closed (in the weak* topology), and invariant under the action
of B. Hence there is a fixed point u for the B-action, which will be the desired
measure.

Denote by pu = [ g dv(6) the ergodic decomposition of (T?, 4, A). Each
component jg is A-invariant and ergodic, but is not necessarily B-invariant.
However, mxug = A, for v-almost every 6, by ergodicity. Also, (0,1) is an
entropy-decreasing direction for ug, since

h(my po,0p,) < logps < logpy = h(X,0p,) = h(mx pe,0p,) < h(ue, A).

By the last proposition we get for every integer di,dz with dy # 0:

N-1
1 nfT
gN = N T;O € ((dl,dg)B <y)> —0 Ho-a.€.,

for almost every 8. Using the B-invariance of p we get

i(—dy, ~da) = / on dpt = / / on dutg dv(8) — 0.

In particular, for all m # 0, (m1u)(m) = gi(m,m) = 0. We conclude that
71,14 = A1. But p is supported on S, and so AMfm118) =1, hence my ;S = T.
Recalling the definition of S, the claim of the theorem is proved. |
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More information on bi-invariant sets and measures is contained in the
following theorem. Recall that the Hausdorff dimension of a measure p is
defined by

dim g = inf{dimg S: u(S) = 1}.

THEOREM 7.3 ([14]): Let A = diag(ai,...,aq) and B = diag(by,...,bq) be two
diagonal endomorphisms of T¢. Suppose that

(15) la,| > 1, 1|b)>1 and ged(a,b)=1 fori=1,...,d.

(i) If u is a Borel measure on T¢ which is invariant for both A and B, then
u has integer Hausdorff dimension. Moreover, if p is ergodic for the action
of the semigroup (A,B) and dimyu = r, then there exists a projection
P : T¢ — T such that dim Py = dimu and Pu is Lebesgue measure
onT".

(i) Every closed set S C T¢ such that AS C S and BS C S has an integer
Hausdorff dimension. Ifdimyg S = 0 then S is a finite set, and if dimyg S = d
then S = T¢.

If A is conformal, ie., a; = --- = a4, then the assumptions on B can be

relaxed: it suffices that B has integer eigenvalues b, ..., bq such that (15) holds.

[14] also contains a pointwise version of this theorem.

8. Concluding remarks and questions

In this section we list some problems we were not able to solve.

ProBLEM 1. In Proposition 3.4 we saw that H,, the class of p-Host sequences,
is not closed under sums, but is closed to translations, as well as addition or
multiplication by a scalar. Is H, closed under multiplication?

If two sequences are restrictions to N of p-adic analytic functions, then their
product is obviously in H,, using this theorem. However, Example 3.5 shows
that there are p-Host sequences that lack any of the combinatorial properties
of Definition 2.1. In particular, such a sequence cannot be the restriction of a
continuously differentiable p-adic function with a finite number of critical points.

PROBLEM 2. Is there a sequence {ci} such that 4 Esz—Ol Og b —> A for ev-
ery op-invariant and ergodic p with positive entropy, yet {cx} is not a p-Host
sequence?

If Host’s theorem is false for multiplicatively independent p, g, then a sequence
like ¢ = 6* might be an example, for p = 2. In this case, the weak property
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% S~ ok —> X follows already from Rudolph’s theorem, since any limit measure
is both oy~ and o3-Invariant.

PROBLEM 3. Is it possible to prove Host’s theorem assuming only that p,q
are multiplicatively independent? Johnson and Rudolph [7] proved the following
weaker result: for every p-invariant and ergodic measure p with positive entropy,

1 N-1

(16) 5 > okp—
k=0

The stronger pointwise result follows from Host’s argument in case h = h(p, o) >
C, where 0 < C < 1 is a constant depending on p,q. To see that, assume first
that some prime factor of p does not divide q. Then the collision number of
{q*} is of magnitude p™('*+*) for some 0 < ¢ < 1. If h/logp > ¢, the proof of
Theorem 3.1 will work just the same.

If all prime factors of p divide g, we can proceed in the following way: it is
enough to prove (16) when gq is replaced by some fixed power ¢' (the sequence
in (16) simply breaks to | similar subsequences with q replaced by ¢'). Also, if
plg, we can replace q by ¢/p. By replacing ¢ by a suitable expression of the form
q'/p™ we can return to the previous case.

It is also possible to derive from here (16) assuming only positive entropy, for a
large class of sequences {c,} replacing {¢"}; this is carried out in Lindenstrauss,
Meiri and Peres [12].

PROBLEM 4. As we remarked in the introduction, D. Rudolph noticed that
from (16) it follows that for every such p there exists a subsequence ny such that
agrp — A

Is it true that oju — X as well, at least for relatively prime p and g7
Rudolph’s proof implies that the convergence holds outside a set with zero upper-
density. Lyons [13] showed that ofu — A when p and g are relatively prime,
and y is either a Riesz product or a Bernoulli measure.
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