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A B S T R A C T  

We present a class of integer sequences {cn } with the property that for ev- 
ery p-invariant and ergodic positive-entropy measure # on T, 
{cnx (mod 1)} is uniformly distributed for #-almost every x. This ex- 
tends a result of B. Host, who proved this for the sequence {qn}, for q 
relatively prime to p. Our class of sequences includes, for instance, the 

~, n sequence cn = ~ f , (  )q,, where the numbers q, are distinct and are 
relatively prime to p and f, are any polynomials. More generally, recur- 
sion sequences for which the free coefficient of the recursion polynomial 
is relatively prime to p are in this class as well, provided they satisfy a 
simple irreducibility condition. 

In the multi-dimensional case we derive sufficient conditions for a pair of 
endomorphisms A, B E End(T d) (with A diagonal) and an A-invariant 
and ergodic measure it, such that B-orbits of the form {Bnw} are uni- 
formly distributed for it-almost every w C 4 .  

1. Introduction 

T h e  focus of th i s  a r t ic le  is the  fol lowing proper ty ,  m o t i v a t e d  by  Hos t  [5]: 

Definition 1.1: Gi v e n  a n  in teger  p > 1, a sequence  of in tegers  {c~} is cal led a 

p - H o s t  s e q u e n c e  if it  has  t h e  fol lowing p rope r ty :  

If  # is a Bore l  m e a s u r e  on  the  to rus  T = R / Z ,  i nva r i an t  for ap: x ~-~ px  

( m o d  1), e rgodic  w i th  pos i t ive  ent ropy,  t h e n  {cnx ( m o d  1)} is u n i f o r m l y  dis- 

t r i b u t e d  for I t -a lmos t  every  x. 

(See m o r e  de ta i l s  in  t h e  b a c k g r o u n d  below.)  
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Denoting by ~ Lebesgue measure and by ac# = # o cr[ 1 the image of # under 

the map crc : x ~-~ c. x (rood 1), an easy application of Weyl's criterion gives 

1 N - 1  

n : O  

Host [5] establishes a connection between property 1.1 and the asymptotic 
n 

distribution of {ck (modp')}P=o 1 when n ~ oc. The main theorem there is that 

{qn} is a p-Host sequence, whenever p and q are relatively prime. In particular, 

Host concludes that a p- and q-invariant measure with positive entropy must be 

Lebesgue measure, thus giving a short and elegant proof of Rudolph's theorem 

[17]. 

The key to extending Host's theorem is a refinement of the combinatorial prop- 

erties {Ck (modpn)}~01 is required to possess. We concentrate on sequences 

with almost-sub-exponential collisions modp (see Definition 2.1). In essence, 

this means that after dropping a small set, the number of "collisions" (coinci- 

dences) between elements in {ck (modpn)}~o  I is not exponentially bigger than 

pn. Host's theorem can be easily extended to sequences with this property (The- 

orem 3.1); this property, in turn, is valid for any sequence that is the restriction 

to N of a non-constant p-adic analytic function. More precisely, a p-adic  in te r -  

p o l a t i o n  of a sequence {ck} is a continuous function G(x), defined in the unit 

disk of Qp (or some finite extension of Qp), with ck = G(k) for all k e N. Since 

N is dense in the disk, such an interpolation, if it exists at all, is unique. It turns 

out that various analytic properties of G are reflected in various combinatorial 

properties of {ck}; for an exact statement see Theorem 3.2. The two theorems 

together give: 

THEOREM A: Let {ck} be a non-constant sequence of integers, and p a prime 

number. Suppose {ck} has a smooth p-adic interpolation G, defined in the unit 

disk Of Qp or some finite extension Of Qp. Suppose also that G has finitely many 

critical points. (This holds, in particular, if G is analytic.) Then {ck } is a p-Host 

sequence. 

I f  p is not prime, the same holds true if  {ck } has a smooth interpolation with 

the same property in Qp,, for every prime p' dividing p. 

A basic example of p-Host sequences arise from linear recursions (Theorem 5.2): 

THEOREM B: Let {ck} be a sequence of integers satisfying a linear recursion 

Ck : a l c k - 1  �9 a 2 c k - 2  �9 �9 �9 �9 �9 a L C k - - L  
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for some integer constants a l , . . . ,  aL (aL 7s O) and for all k > L. Assume that: 

(i) {ck} has no constant arithmetic subsequences (this is always the case if no 

roots of the recursion polynomial, or their ratios, are roots of unity). 

(ii) aL and p are relatively prime. 

Then {ck} is a p-Host sequence. 

By composing  analyt ic  functions it is also possible to derive some examples  of 

p-Host  sequences which are not recursive; e.g., the sequences 2 2k, 2 Fk and F2~ 

are all 3-Host,  when {Fk} is the Fibonacci  sequence. 
L The  condit ions of the last theorem are clear for ck ---- Y'~-~=I f~(k)q), when 

[ql[,..., [qL[ > 1 are dist inct  and are relatively pr ime to p. Using this theorem,  

we tu rn  to s tudy  orbits  of endomorphism in T 2. We have: 

�9 

with positive entropy. Let B E End(T 2) be another endomorphism. 

Assume that for every dl, d2 not both zero, there exists (a, b) E 7, ~ such that: 

(i) Projecting # by ~ra,b : (x ,y)  ~ ax + by (mod 1), the entropy of the 

projected measure  h(Tra,b#, crp) is strictly smaller  than h(#, A ). 

(ii) ck = ( dl , d2 ) B k (ha) has almost-sub-exponential collisions (mod p ). 

Then for #-almost every w C T 2, the orbit { Bnw} is uniformly distributed. 

The  theorem we prove is somewhat  more  general; see T h e o r e m  6.1. For a gen- 

eral version in "it d we refer the reader to Meiri and Peres [14]. In Theo rem 6.4 

we use the results on linear recursions to give conditions on B in te rms  of its 

eigenvalues such tha t  (ii) holds. The  main  idea here is the simple observat ion 

tha t  a sequence {ek} defined by (ii) satisfies a recursion polynomial  whose char- 

acterist ic roots  are the  eigenvalues of B. We end this section with a discussion of 

max imal -en t ropy  measures  on Cantor  sets. Here condit ion (i) above - -  a decrease 

in the en t ropy of # - -  is equivalent to a decrease in the Hausdorff  dimension,  

when the  set in question is projected by Ir~,b. As before, the condit ions we derive 

also ensure tha t  --~ ~ B'~/z converges weakly to Lebesgue measure  on "/1 "2 . 

These  measure- theore t ic  results can be used to examine bi- invariant  sets in T 2 , 

leading to reducible analogues of Berend 's  results (see background) .  In par t icular  

we prove in 7.1 the following result of B. Kra:  

THEOREM D ([l iD: For i = 1, 2, let p,, q, be a pair of relatively pr ime  integers 

> 1. Suppose that P l r  P2 or ql r q2. Then for every irrational a, ]~, the set 
n m o l . .  ~ n m {Plql P2q2 J~}n,m>l is dense mod 1. 
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ORGANIZATION. After some background ill the rest of this introduction, we 

define in w the combinatorial conditions we need of integer sequences when 

projected to Z/pnZ. 
In w we formulate and prove an extension of Host's theorem (3.1), and 

formulate our main Theorem 3.2. The theorem is proved in w Together they 

yield Theorem A above. 

In w we investigate linear recursions, and prove Theorem B. 

In w we study orbits of endomorphisms in T 2, and derive some multi- 

dimensional analogues to Host's theorem, including Theorem C. This is used 

in w to examine bi-invariant sets in ~I "2, and to prove Kra's theorem D. 

Finally, w contains concluding remarks and questions. 

BACKGROUND. H. Furstenberg [4] showed that an infinite closed set in "IF, 

invariant under multiplication by two multiplicatively independent integers p 

and q (logp/log q • Q), must be all of T (cf. [2]). He also asked if a similar result 

holds for bi-invariant measures on T, i.e., if the only non-atomic Borel measure p 

on T invariant and ergodic under multiplication by p and q is Lebesgue measure. 

Berend [1] extended Furstenberg's topological results to T d, establishing nec- 

essary and sufficient conditions on a commutative semigroup G C End(~rd), such 

that  the only closed infinite G-invariant set in T d is ~i~ itself. The measure- 

theoretic question remained open for a longer period, and in fact, in the form 

presented by Furstenberg is still unsolved, since all authors also need to assume 

p has positive entropy. Lyons [13] obtained a first partial result under the extra 

assumption that  p is exact and p and q are relatively-prime. Rudolph [17] used 

symbolic dynamics to give a new proof without the exactness assumption, and 

two years later Johnson [6] extended the theorem for p and q multiplicatively 

independent. Feldman [3], motivated by Lyons' argument, gave another proof. 

A different approach was taken recently by B. Host [5]. Assuming only that p 

is p-invariant, ergodic and with positive entropy, Host noticed that  the desired 

result would follow for an integer q from the stronger statement that for p-almost 

every x E "If', the sequence {qnx (mod 1)} is uniformly distributed, i.e., that 

N#{0< < eI} 1II, k N :  qkx 

for all intervals I C T. In other words, the requirement is that #-almost every x 

is normal in base q. By Weyl's criterion this is equivalent to 

N--1 
1 

(1) Va e Z, a ~ O, ~ ~ e(aqnx) >0 #-a.e., 
n~O 
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writing e(t) = e 2mr. This condition implies 

N - 1  
1 

(2) ~ E aq#  ) A (in the weak* topology). 
n-~0 

Johnson and Rudolph [7] noticed that from (2) it follows that 

(3) aq# ~ A, when n - -+ oc and n r J 

for some set J with zero density. 

Finally, (3) implies 

(4) a q u = u  ~ ~ = ~ .  

Thus, in a sense, Furstenberg's conjecture is the weakest among several possible 

statements. On the other hand, knowing that every bi-invariant positive-entropy 

measure p ergodic to the action of the semigroup (ap, aq) is Lebesgue, guaran- 

tees (2) for every p-invariant ergodic positive-entropy measure #. Indeed, if u is 

some weak* limit point of the averages in (2), by the upper semi-continuity of en- 

tropy for expansive maps (cf. Walters [19], Theorem 8.2), h(u, ap) > h(p, ap) > 0. 

Surely, u is ap and crq invariant. Let u = f uz dz be the ergodic decomposition 

with respect to (ap, aq). By our assumption, every component with positive en- 

tropy must be Lebesgue. An argument by Johnson and Rudolph [7] now shows 

that almost all ergodic components have positive entropy, hence v = ~. 

Several authors have investigated normality of numbers in different bases (cf. 

[5] for some references and discussion). Host used this approach to prove (1) when 

p and q are relatively prime, thus deriving Rudolph's theorem (cf. Theorem 3.1 
below). Unfortunately his method does not seem to extend to multiplicatively 

independent pairs of integers (cf. [12]). 

2. C o m b i n a t o r i a l  p r o p e r t i e s  m o d  pn 

We denote by ~ A  or IAI the cardinality of a finite set A. We will use N to denote 
the set of non-negative integers. 

Looking at the first N values of {ck (modpn)}, we examine sizes of cells 

A t ( N , n ) = # { k : 0 < k < N ,  c k = t  (modpn)} 

for a cell number t, 0 _< t < pn. Assembling these together gives the coll is ion 

n u m b e r  
pn --1 

F(N,n)  = E A t ( N ' n ) 2  = ~{0 ~ k,l  < N: ck =-- ct (mod p~)}. 
t=0 
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(5) 

Definition 2.1: 

p > l .  

We will be interested in computing this number for N ~ p~. Obviously F(N, n) _> 

N, and we will need to know when F(N, n) is not much bigger. A set A C N is 

said to have density < 3' if, for every N, 

[An {O, 1 , ' " , N - 1 } 1  <3'. 
N 

Let {ck} denote some integer-valued sequence, and fix an integer 

(i) {ck} has b o u n d e d  cells (modp) if for some M we have At(pn, n) <__ M 

for all n > 1 and 0 < t < p~. (In this case F(p n, n) < p'~M2.) 

(ii) {ck} has sub -exponen t i a l  collisions (modp) if for every c > 0, 

lim r(p n, n)/p ~(1+~) = O. 
n---+ o o  

(iii) {ck} has a l m o s t - b o u n d e d  cells (modp) if for every 3' > 0 there exists a 

set A C N with density < 3' and some M (which might depend on 3,) such 

that  for every n > 1 and every 0 <_ t < p~, 

# { k : O < _ k < p  '~, k r  ck=-t (modp=)}_<M. 

(iv) Similarly, {Ck} has a lmos t - sub -exponen t i a l  collisions (modp) if for 

every 7 > 0 there exists a set A with density < 3', such that  for every 

e > O ,  

(6) lira # { k , l : O G k ,  l < p n ,  k , l r  ck --cl (modpn)}/pn( l+r  
n - - 4 0 ~  

Examples: 

1. If q is relatively prime to p, it is easy to see that the order of q in (Z/p n Z)* 

has magnitude pn; hence ck = qk has bounded cells mod p. 

2. Ck = k 2 has sub-exponential collisions, but does not have bounded cells; 

in fact one can show that its collision number F(p n, n) is of order np n. For 

prime p the exact result is 

F(pL n) = ~ np'~ if p = 2, 
( l + ~ n ) p  n i f p > 2 ,  pprime.  [ 
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3. ck = k r, r > 3, does not have sub-exponential collisions; indeed, 

Ao(p n, n) = #{0 ~ k < pn: kr : 0 (mod pn)} = p~/pr~l ~ pn(1-1/r), 

hence F(p~,n) > A0(p~,n) 2 ~ pn.2(1-1/r). Since 2(1 - 1/r) > 1, the zero 

cell alone is already too large. However, from Theorem 5.2 it will follow 

that  {k r} has almost-bounded cells. 

4. According to Host [5], the Fibonacci sequence has a collision number 

F(p~,n) of magnitude np n (a result of T. Kamae), and so has sub- 

exponential collisions. The fact that it is a p-Host sequence also follows 

from our theorems. 

. The following example (by Y. Peres) shows that a sequence with sub- 

exponential collisions need not have almost-bounded cells. Let p = 5, and 

build {ck} from increasing powers of 3, where 3 3 appears [logjJ times. 
fC 15n--1 When comparing ~ k~k=0 to {3k}, it is easy to see that  about half the 

cells expanded in approximately factor n. Remembering that  {3 k} has 

bounded cells mod 5, the claim is now clear. 

The examples above show that  the only implications among the four properties 

are the trivial ones: (i)==:v(ii)~(iv) and (i)==~(iii)===~(iv). 

3. Classes of  p-Host  sequences  

The main result we present assembles these examples and many others. We 

can summarize it in two theorems, the first a reformulation of a theorem of 

Host, originally proved for sequences whose period when projected to Z/pnZ  is 

of magnitude pn. 

THEOREM 3.1: Given an integer p > 1, if {ck} has almost-sub-exponential 

collisions modp, then it is a p-Host sequence. 

Our main theorem presents sufficient analytic conditions as to when a sequence 

{ck} has bounded cells or almost-bounded cells. (Remember that both properties 

imply almost-sub-exponential collisions.) For a prime p, we denote by Qp the p- 

adic number field. Given a finite extension K D Qp, let 

B(K) = {x �9 K :  IXlp < 1} 

denote the closed unit disk of K. Henceforth ] �9 Ip will denote the extension of the 

p-adic norm from Qp to K. By a smooth p-adic interpolation of {ck} we mean 
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a continuously differentiable function G, defined in B(K) for some extension K, 

such that G(k) = ck for all k E N. 

THEOREM 3.2: Let {ck} be a sequence of integers, and let q > 1 denote a 

fixed integer. Suppose that for each prime p dividing q, the sequence {ek} has 

a smooth p-adic interpolation Gp, defined in the unit disk B(Kv) of some finite 

extension IKp D Qp. 

(i) If each Gp has no critical points, i.e., @(x)  r 0 for all piq and x E B ( ~ ) ,  

then {ck} has bounded cells modq. 

(ii) If  each Gp has only a finite number of critical points, then {ck } has almost- 

bounded cells rood q. (This condition is clear when Up is a non-constant 

analytic function.) 

We postpone the proof of Theorem 3.2 to the next section. 

Remark: An immediate example of a p-Host sequence is a polynomial sequence, 
d , i.e., a sequence of the form Ck = ~,=0 a~k . Indeed, for every irrational c~, a 

classic result of Weyl states that {ckc~ (mod 1)} is uniformly distributed. Since 

an ergodic measure # with positive entropy must be non-atomic, #(Q n T) = 0, 

hence {ckx} is uniformly distributed tt-a.e. From the combinatorial point of view, 

all polynomial sequences have almost-bounded cells. 

We need to prove gN 

~ - 1  63p-~ , and denote by ~ Define wn = ~3=o # *  = 

Nikodym derivative. 

Proof of Theorem 3.1: We rephrase here the proof from [5] with the necessary 

modifications. Fix an integer a ~ 0. Define e(x) = e 2~*x for x E ~1" = R/Z,  and 

let 

1 g - 1  
gN(X) = -~ ~ e(ackx). 

k----0 

0 #-a.e., when # is as in Definition 1.1. 

d#/dw~ the Radon-  

�9 1 / n  e_h LEMMA 3.3: ~,,~ - - - -+  #-a.e., where h = h(p, ap). 

Proof: Denote by a the p-partition: 

T / ) j = 0 '  

The lemma follows from the observation that - l o g  ~o,~ = I % - 1 1 ~ ,  the condi- 

tional information function. (See a detailed proof in [5], or more hints in the 



Vol. i05, 1998 E N T R O P Y  AND UNIFORM DISTRIBUTION OF ORBITS IN 2 x~ 163 

proof of Theorem 6.1 below.) Now, 

= 1 I n l  __llog~on n % - I ~  
n 

1 
= ~[I~l~ r + r~,i~ ~ + - . .  + I~._,1~ ~] 

1 n--1 
= n[I~l~F +OpI~d,~ r + . . . + a p  I,~l,~r ] 

/ I a [ ~ F  d# = h, 

by the Ergodic Theorem. | 

Note that {ack} has almost-sub-exponential collisions as well. Fix 7 > 0, and 

let A C N be a set with density < 7, as in Definition 2.1 applied to {ack}. Define 

1 g-1  ~(x)  = ~ ~ e(ackx) 
k=0 
k•A 

Since supper IgN(x) -- gN(X)l <_ IA N {0, . . . ,  Y - 1}[/N <_ 7, and 7 can be made 

arbitrarily small, it suffices to prove that .ON ~ 0 #-a.e. 

LEMMA: For every E > 0 and every n large enough, for all p~-I < N <_ pn 

f IoN(x)j2 d~ < (7) r 
N 2~ ' 

Proofo f l emma:  Since ~ d# < dwn, we have ~rL 

ION(x + jp-n)12 d~(x) 
~n(~) - 70 

l~ <- - ~  E E e((ack - aet) jp-n)  �9 e(a(ck - ct)x) d#(x) . 
k,l=O 3 =0 
k,lCA 

Since the summation over j is zero when ack ~ act (modpn)  and is p~ 

otherwise, we get 

/ J~N(x)l 2 1 n 
~ n ( x ~ d # < ~ P  " # { 0 < k , l < N : k , l ~ A ,  ack=ac l  (modp'~)} 

pn 
< _~pn(l+~) <_ N2~, 

using (6), for every n large enough. | 
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To complete the proof of the theorem, take ~ < h/2 logp and r < 5/2. Choose 

some k with k(~ - 2c) > 1. For each N, let n = n(N) be the unique integer such 

that  pn-1 < N k < pn. Assuming without loss of generality that  (7) holds for 

n > 1 we have 

~--~ f N 2ks 1 IgNkl2 d# < ~ Nk--- 7- = Z Nk(,-2~) 
N = I  NkSqOn(n) N n 

- -  < r 

Hence 
IgN k 12 

NkSqon(N) 
0 #-a.e. when N --+ ~ .  

For almost every x, qon(x) < e -nh/2 for all n sufficiently large, and so for our 

choice of 5 one can see that  Nkgqon(N) (X) is bounded. Thus ~N k (x) ~ 0 as well. 

From here it is easy to conclude that  gN ~ 0 #-a.e. | 

To conclude this section, and before proving Theorem 3.2, we list a few 

properties of 7/p, the class of p-Host sequences. 

PROPOSITION 3.4: 7-tp is closed under multiplication by a scalar, addition of 
a scalar, and translation. But a sum of two sequences in t t  v might fail to be a 
p-Host sequence. 

Proof." If {ckx} is uniformly distributed (mod 1), so are the sequences {ackx}, 
{(ck + a)x} and {ck+ax} (for a non-zero integer a). On the other hand, if q is 

relatively prime to p, the sequences {qn} and { p n - q = }  have bounded cells mod 

p, and so are in 7-/p, but their sum {pn} is obviously not. | 

Next we give an example of a sequence that  does not have almost-sub- 

exponential collisions, yet is a p-Host sequence. This shows that  the converse 

to Theorem 3.1 is false. 

Example 3.5: The sequence {2n3 m} for p = 2, 3. 

Arrange the numbers s2n3ml~  in increasing order: 1 = co < el < c2"-", I. J n , r n = 0  

and let p be 2 or 3. It  is easy to see that  G(k) = ck cannot be extended contin- 

uously to the unit disk of (any extension of) Qp. In fact, {ck} lacks any of the 

properties of Definition 2.1 for p = 2, 3, since most values of ck (modp) are zero. 

We claim, however, that  {ek} is a p-Host sequence for p = 2, 3. We show this for 

p = 2. We need the following lemma, whose proof is part  of Breiman's proof of 

the Shannon-McMillan-Breiman Theorem (cf. [16], p. 261). 
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LEMMA 3.6: In an ergodic measure preserving system (X, fl3, tz, T) ,  iff,~ 
a.e. and in L 1, and i f sup~ [f~[ is in LI(#) ,  then 

~f 

n--I 

-E f 1 T fn-k ~ f d# a.e. and in L 1 
n 

k=0 

Fix some a r 0. Given a a2-invariant and ergodic measure # with h(#,  32) > 0, 

we need to show tha t  

1 N - 1  

gN(X) def= _N Z e(ackx) > 0 #-a.e. 
k=O 

Write a = log 3 2, L = Llog 2 NJ,  M -- ICL2J. Then 

1 
gM(x) ~ ~ E e(a2n3mx) 

n log 2+m log 3<N 

1 Ll~ NJ bloga~__ ~- naJ 
: Z e(a2 3mx) 

n--0 m=O 

1 
CL ~ 

n=0 \ m=0 

L 

CL 
n=O 

where 
(L-n)c~ 

1 
fL,n(X) =- ~ E e(a3mx)' 

m=0 

f o r 0 < n < L .  

Noting tha t  
L - n  

fL,n-- L fL-n,O 

and writing Fk = Ilk,01, we have 

L L 
1 1 

n=O n=O 

From Theorem 3.1we know tha t  Fk > 0 tt-a.e. Also, IFkl < 1. From L e m m a 3 . 6  
it follows tha t  i v "~L anF Z/--~,~=0 2 L-n  ) 0 #-a.e., and our claim is proved. 
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Example 3.7: Composition sequences. 

Let B denote the unit ball of a finite extension ]I4 D Qp, and suppose that  

f , g  : B > B are analytic. Then f o g need not be analytic (el. Schikhof [18], 

Ex. 41.1), but is still smooth and with a finite number of critical points. Using 

Theorem 5.2, this gives examples of p-Host sequences which do not satisfy a linear 

recursion. For instance, for p = 3, the following sequences have almost-bounded 

cells (mod 3): 2 2k, 2 5k, 2 Fk and F2k , where {Fk} is the Fibonacci sequence. 

4. P r o o f  o f  T h e o r e m  3.2 

We follow the notation of Theorem 3.2. For a prime Plq, let Bp = B(]F~) be the 

domain of Gp, and let Zp = {x E Bp: G•(x) = 0}. 
s ~, Let q = rI~=l p~ be the decomposition of q to prime factors, and set 0 = Ylpi. 

We initially treat  the first case, where Zp = 0 for all primes Plq. 

C L A I M  4.1: If for every prime pl q we have Gp(x) • 0 for all x E Bp, then {ck} 

has bounded cells. 

The key lemma is 

LEMMA: For every prime Plq there exist integers d, r > 0 such that for every pair 

of distinct x, y E Bp 

(s) ix _ y[p < p-d ~ IGp(x) - Gp(Y)Ip >- P-T] x - Ylp. 

Proof of/emma: To ease the notation we fix p, and write G for Gp. 

If (8) were not true, we could find for every n a pair of distinct points Xn,Yn 

satisfying 

1 
Ixn - Y~Ip <- - ,  

n 

Recalling that  IKp is a finite extension of Qp, its unit disk Bp is compact.  Hence 

{x~} has a convergent subsequence, so we can assume Xn ~ x. We must have 

yn > x as well, and so 

a ( z n )  - e ( y n )  

X n  - -  Y n  

, O ' ( x )  

But 
a ( x . )  p 1 - a ( y n )  < - ,  

Xn Yn n 

hence G'(x) -~ 0, a contradiction. | 
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By taking d, 7' large enough we can assume that  for all distinct k, l E N 

(9) ik_ ii ~ <_ p-d ~ lG(k ) _ a(l)l~ >_ p-~ik_ Zl ~ 

for every prime Plq. Itere we write G(k)  = ck for k e N. 

Proof  of  Claim 4.1: To prove the claim, we show that  the size of each cell is 

bounded by 0 r+d. So pick some arbitrary t-cell 

C = { k : 0 < _ k < q n ,  G ( k ) - t  (modqn)}.  

Break C into 0 d sub-cells, according to the value of k (mod 0d). Suppose that  k, 1 

are in the same sub-cell. For i = 1 , . . . ,  s, since odlk - l we have ]k - lip, <_ p~d, 

and so, by (9), I k -  llp~ < p[[a(k)  - G(1)[p . But G(k)  =- a ( l )  (modqn),  hence 

iG(k ) _ G(1)lp ' < p-~n~, and we conclude that  [k - llm < p ; ( n ~ - r ) ,  or in other 

words p ' ~ - r l k  - I. Since this is true for all i = 1 , . . .  ,s, we conclude that  k - 1 

is divisible by 11P~ = qn/O ~. Thus the size of each sub-cell of C is bounded 

by 0 r. Summing over the (~d sub-cells we see that  the size of the t-cell is bounded 

by 0 r+d. 

We turn now to the general case, where Zp is only assumed to be finite. Let 

Am = {k E N:  Ik - Zip < p - m  for some prime Plq and some z E Zp}. 

We claim that  {Am} can serve as the exceptional sets of Definition 2.1. We first 

note that  

IAra V] { 0 , . . . , q n  _ 1} I _< E E #{0  < k < qn:  [k -- Zip < p - m }  
Plq zEZp 

Plq 

a n d s o l A m n { O , . . . , q n - 1 } l / q  n > 0 when m >oe. 

LEMMA: For every m and every prime p[q there exist positive constants d, r such 

that equation (8) holds for every pair of distinct x, y in Bp \ A,~(p), where 

Am(p)  de=f {Z E BB : Ix - zip < p - m  for some z E Zp}. 

Proo f  of / emma:  Observe that  inf~r > 0, by the continuity of GB 

in Bp. | 

By taking d, r valid for all Plq, we can see as before that  {ck : k ~ A,~} has 

bounded cells. This concludes the proof of the theorem. | 
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Remark: An elaborate study of the situation around critical points can be 

conducted, showing that the sizes of cells in {ck : k ~ Am} is of magnitude 

at most O(~2mu), where u is the maximal order of a critical point. We omit the 

proof. 

The theorem can be refined in several ways: First, from the proof of the general 

case it is clear that the assertion (ii) of the theorem remains true if we replace 

the hypothesis of the theorem with the following condition: 

for each p[q there exists a dosed set Np C Bp with zero Haar 

measure, such that Gp is continuously differentiable and with no 

critical points in Bp \ Np. 

Indeed, all we need to do in this case is to enlarge Am(p) (and hence Am) by a 

finite number of small balls, covering Np U Zp. 

Another refinement is the following: suppose that for every k, we choose 

Ck arbitrarily from G l ( k ) , . . . ,  Gl(k), where each of the I functions G 1 , . . . ,  Gl 

satisfies the conditions of the theorem. Then {Ck} has almost-bounded cells, and 

if G 1 , . . . ,  Gl have no critical points at all, then {Ck} has bounded cells. This is 

clear, since each cell in {ck} is contained in the union of corresponding cells from 

{ G l ( k ) } , . . . ,  {Gl(k)}. This simple observation will be useful in the next section. 

5. L i n e a r  r e c u r s i o n s  

Let {ck} be a sequence of integers satisfying a linear recursion of length L: 

Ck = alCk-1 ~- a2ck-2 �9 �9 ' �9 + aLCk-L 

for some integer constants a l , . . . ,  aL (aL ~ 0) and for all k > L. We ask in this 

section when such a sequence is a q-Host sequence. By Theorem 3.2 we can get 

a sufficient condition once we realize it as the restriction of a smooth (or, as it 

turns out, an analytic) function in a finite extension of Qp, for any prime factor 

p o f q .  

Let A, be the (complex) roots of the recursion polynomial 

(10) A L : alA L-1 + .." + aL-1A + aL. 

Then ~ are the fundamental solutions of the recursion, and {Ck) can be 

represented as ck = G(k) = ~'~b~(k)A k, where each b~ is a polynomial, and 

deg(bi) < multiplicity of A~. 
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Usually this correspondence is used for real or complex parameter, but we can 

carry it without any change to a finite extension of Qp containing all the roots 

of (10). 

Example:  Fibonacci  sequence: The simplest non-trivial example is of course 

Ck = ck-1 + ck-2 .  Here we should take 

G(x)  = bl 1 __ + b2 �9 

In Ii~, G(x)  is well-defined for an integer x, but not for a continuous parameter. 

In Qp, however, the situation is different (and, eventually, better): 

(i) Qp contains a square root of 5 only when 5 is a quadratic residue mod p, 

and this happens when p - 1 (mod5) or p = 4 (mod 5). For other p we 

replace Qp by Qp(v/5). 

(ii) A second problem is that G(x)  is not defined for all x E B, the unit disk 

of Qp (or Qp(v/5)): for A x = expp(x logpA)  to be def ined,  we must have 

]A - lip < 1 (so that logp A is defined) and Ix logp Alp < p-1/ (p-1)  (so that 

expv is defined). 

We will shortly show how to overcome these problems, but first we wish to con- 

sider another possible obstacle: if {ck} has a substantial constant subsequence, 

it obviously cannot have bounded cells (or almost-sub-exponential collisions). In 

particular this is true for an arithmetic subsequence, i.e., a subsequence along an 

arithmetic progression. 

Definit ion 5.1: Let xk = a lXk-1  + a2Xk-2 +" �9 " ~- aLXk-L  be a recursion scheme, 

and assume aL ~ O. We call the scheme n o n - d e g e n e r a t e  if the only sequence 

{Ck} satisfying the scheme and having a constant arithmetic subsequence is the 

zero sequence. 

Let A1, . . . ,  AL, be the L t <_ L dist inct  roots of (10). When all the roots are 

simple, L t = L. The roots are all non-zero, since aL ~ O. 

PROPOSITION 5.1: 

degenerate i f f  

In the  above notations,  the  recursion scheme is non- 

(11) A~ and A~/A 3 are not  roots  o f  unity, for every  1 ~_ i < j <_ L'. 

Proof: To see the necessity of the condition, pick some d > 1 and expand the 
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Van der Monde determinant (denoting A0 = 1) 

1 1 
det . . 

1 .~.'d 

... -.,~1 / 

. . .  4,,. = I I  (.xj-.xf). 
O_<z<3<L' 

�9 . . AT,  d 

If (11) does not hold, the determinant is zero for some d, hence {1}k, {A~d}k,..-, 

{A~q}k are linearly dependent, and so there are constants b0, b l , . . . ,  bL,, not all 

of them zero, such that  

(12) blAkl d + " "  + bL, A~j d = bo 

holds for all k. The left hand side is a constant subsequence of ck = bl/~1 k -t- �9 - - § 

bL, A~,, and {ck} is a non-trivial sequence satisfying the recursion. 

To prove sufficiency of the condition, first note that  if )h were all simple roots, 

we would be done by the same calculation as above. So it is enough to show 

how, given a constant subsequence Cdk+h = ~ b , ( d k  + h)Af k+h, we can find 

bo, . . . ,bc,  (not all zero) such that  (12) holds. This is done by induction on 

m = maxdeg(b,) .  In each step we pick some j with deg(bj) = m, and replace 

{ C d k + h  } by {cd(k+~)+h - -  )~;Cdk+h}" This process decreases the degree of the 

coefficient of AJ, without making the equation identically zero. | 

Note: E. Lindenstrauss showed that  given a degenerate recursion, one can 

always find a non-constant integer-valued sequence that  vanishes along an 

ari thmetic progression. 

We can now solve the question alluded to in the beginning of this section: 

THEOREM 5.2: Let {ck} be an integer-valued recursion sequence with no 

constant arithmetic subsequences. Let q > 1 be an integer that is relatively 

prime to ac, the free coefficient in the recursion potynomiM. Then {ck} has 

almost-bounded cells mod q. In particular it is a q-Host sequence. 

Proof: Since we are going to utilize Theorem 3.2, it is enough to consider the 

case where q = p is prime. Let A~ be the characteristic roots of the recursion, and 

let I ~  = Qp(A1, . . . ,  AL) denote a finite extension of Qp containing all of them. 

The recursion polynomial is defined over Zp, the ring of integers of Qp, hence it 

decomposes over this ring to a product of irreducible factors. Since laLl~ = 1, 

the free coefficient of every such factor has also p-adic norm 1, and so all the 

roots of each factor have norm 1 in the extension of the p-adic norm to I ~ .  We 

conclude that  [A~lp = 1 in Kv, for i = 1 , . . .  ,L. 
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We divide the rest of the proof into two cases. 

FIRST CASE: K = Qp. We will need the following properties of the logp 

expp functions in Qp: 

1. 

, 

3. 

L' Write ck = E ~ = I  b~(k)A~ as above. For 0 _< h < p - 1 define 

ah(k) = Z k 

Pick some A, and write it in Qp as ,~ = Y~'-a=0 da p~,0 <- da < p. Since I~,lp 

and 

logp(1 + x) = ~n_l[(--l)n"t-lxn/T~] converges in the disk {Ixlp < 1}, and 

I logp(1 + x)lp <_ Izlp 

expp(X) = ECn~ ) converges in the disk {l<p < p-1/(p-1)}. 

logp and eXpp are local inverses of each other. 

= 1 ,  

do r 0, and so d~ -1 ~ 1 (modp), hence ]A p-1 - lip <_ p-1. It follows that 

logp(/~ p- l )  is well-defined (el. [10], p. 26). Now, assuming for a moment that  

p > 2, for [x[p < 1 we get 

ixlOgp(/~p-1)lp % iXlp " i/~p-1 _ 1t p < p -1  < p-1/(p-1), 

and so expp(xlogp(A~P-1)) is well-defined in the unit disk B = {x : Imlp _< 1}, 

The last expression will serve as the definition of (A~P-1) x. This definition agrees 

with the rational one for a rational integer x = k. We thus see that each function 

Gh (k) can be extended to a function (7 h (X) = E~ b, (x))h (~p- -1)  x, analytic in B. 

By our assumptions on {ck}, the function Gh(k) = C(p-1)k+h is non-constant, 

and hence all the conditions of Theorem 3.2 are satisfied. It follows that each 

of the p - 1 subsequences {Gh(k)}k has almost-bounded cells. Looking back at 

Definition 2.1 we see that  {ck} has this property as well. 

The case p = 2 should be handled separately, since in this case Gh(X) is defined 

only for [zip < p-a .  But we can just split {ck} into more subsequences, defining 

Gho(X) = Gh(px + j), for 0 < j < p. Gho is defined in the whole unit disk, and 

so again we conclude that each of the finitely-many subsequences {Gho (k)}k has 

almost-bounded cells. 

THE GENERAL CASE: 1~ = Q p ( / ~ l , . . . ,  AL). logp and expp are defined as above  

and have the same properties; the only problem is that our observation that 

[A p-1 - lip < p - t  is no longer necessarily true. However, we can use the following 

simple lemma: 
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LEMMA: For some m > 1, [A~ - lip <<_ p-1 for i = 1 , . . .  ,L .  

Proof: By considering powers of A, and using compactness, for every i there 

exists some m, with [A m` - l [ p <  p-1.  Now take m = ml  " . . .  "rnL,  and note tha t  

[A~ - lip _< p-1 as well. | 

(We remark  tha t  it is actually t rue that  there exists some m such tha t  

[A m - -  l [ p <  p-1 for all A e K with fAIR ~ -  1.) 

Using this lemma we can split {ck} to m subsequences (instead of p - 1), and 

continue as before. This concludes the proof of Theorem 5.2. | 

COROLLARY 5.3: Let  q l , . . . ,  qL be integers ~ - 1 ,  0, 1, such that  ]ql] , - - . ,  Iqil  a r e  

distinct and are relatively prime to some t~xed integer p > 1. Let  f l , . . . ,  fL be 

arbitrary non-zero polynomials. Then ck = f l ( k )q k + " "  + f L ( k )qkL has almost- 

bounded cells (modp) ,  and so is a p-Host sequence. 

6. U n i f o r m  o r b i t s  in  t h e  d - d i m e n s i o n a l  t o r u s  

The  general problem we wish to answer is the following: Let A, B be two 

epimorphisrns of the d-torus. Given an A-invariant and ergodic Borel measure 

/Z on T d with positive entropy, when can we guarantee that  for /z-a lmost  every 

w E 7 ,  the orbit  {Bnw}  is uniformly distr ibuted in 7 ?  

For simplicity, we will demonst ra te  the results in the 2-dimensional torus, ~ll "2. 

Our methods  apply to the case where A is diagonal. We star t  with t reat ing the 

where A is a scalar matrix:  A = (P o ) .  We refer the reader to [14] for a case 

formulat ion and proof  of the general d-dimensional case. 
x / 

We begin with some notat ions and definitions. Let a, b be two relatively pr ime 

integers. Denote  by rra,b : ~.2 ~ "IF the projection map (x ,y)  ~ ax + by 

(mod 1). Let 7ra,b# be the image of/z under the map Zra,b. Since # is A-invariant, 

Zra,b# is ap-invariant.  We call the pair (a, b) an e n t r o p y - d e c r e a s i n g  d i r e c t i o n  

if h(Tra,b/z, a~) < h(/z, A). 

THEOREM 6.1: Let  A = p , 
X 

invariant measure  on T 2 , ergodic and with positive entropy h(/z, A ). Let  B = (b,~) 

be a matr ix  of  integers. Then: 

(a) / f  for a pair of  integers dl, d2 there exists some entropy-decreasing direc- 

tion (a,b) such that  the sequence ck = (d l ,d2)Bk(ba)  has almost-sub- 

exponential  collisions mod p, then 

( ( ; ) )  - -  e (d l ,d2 )B  k ) 0  #-a.e. 
N n=o 
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(b) If this is true for a11 (dl, d2) r (0, 0), then for #-almost every (x, y) E 

T 2, the sequence {B ~ (~)} is uniformly distributed on T 2. Consequently, 

12No-1 N Bn# ---+ mL, Lebesgue measure on T e. In particular, i f #  is also 

B-invariant then # = mL. 

For the proof of the theorem we will need the following lemma, which is an 

analogue of Lemma 3.3. An idea of B. Weiss simplified the original proof. 

(~ ~  forp an integer, and let # denote an ergodic LEMMA 6.2: Let A = p Bore1 
~ - - s p  '~ - 1 

A-invariant measure on T 2 . Define measures w~ = ~-~3=0 # * 50v-~'~ and let 

�9 1 / n  i ~ = d#/  dw~ be the Radon-Nikodym derivative. Then Wn > e -h #-a.e., 

where h' = h( , ,  A) - h(~o,lp, ap). 

Proof: Denote by a and t5 the p-partitions corresponding to the X and Y axes, 

respectively: 

a = { [ ~  J + l )  x T } ~ : i ,  3 = { T x  [~ j + l ) ~ v - 1  
p ~ T/ J j = 0 "  

As in Host's proof of Lemma 3.3, we denote by B~ the p-completion of the 
a-algebra of Borel sets in T2 invariant to (x, y) ~ (x + p - n  y), and so B~ = 

a ~  V~g .  Applying a similar argument to the one in [al, one sees that ~=(x, y) = 

" 4-1 containing (x, y). (This P.(J IBn) (X ,y ) ,  if J = [p-~., ~ 1 )  x T is the atom of s 0 

follows from observing that 

p'~-I 

E . ( f  l B~)(x,y  ) = y~. f ( x  + j p - n , Y ) ~ ( x  + jp-n ,Y) ,  
j=0 

and taking f = 1 j . )  Thus - l o g ~  = I ~-~ . . . . . .  Since h(~ro4p, ap) = 
~ ]~n VPO 

Hu(131t3~), the assertion is a result of the following general lemma: 

LEMMA 6.3: Let c~,/5 denote two finite partitions in a measure-preserving space 
(X, fS, p, A), and suppose that ~ V 13 is a generator for A. Then 

1 
nI%- , l~v~g~  >h(p ,A)-H. ( /31 /3~)  p-a.e. 

Proof of Lemma 6.3: Conditional probability considerations yield 

I(~v~)o-'l(~v~).~ = I~- ' l (~ ,v~)~ + / % - ' l ~ v ~ g  ~ 

and so 

=11 . , _1  
_ln log~on = n %-  I"~v#g ~ n (.V#)o- I(~vt~)-~ nI#o- ' l ("v#)~'  
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As in Lemma 3.3, the first right-hand term converges a.e. to h(#, A), and so it 

remains to show that 1 ;I3o-'l(~v~)~ ----+ H,(fllfl•).  
Use a conditional probabilities argument to see that 

n--1 

/~o-1](oeV/~)~ (X, y)  = E /13k l ;3~~  ~ (x ,  y)  
k=0 
n - 1  

= E IBol~pwF-k (Ak(x'y))  
k=0 
n--1 

= E f n _ k  oAk(x ,y )  
k=O 

where fn = I ~ l ~ v ~ -  
We proceed as in Breiman's proof of the Shannon-MeMillan-Breiman 

Theorem. From the Martingale Convergence Theorem we have fn ~ f 

= I ~ l ~ w ~  #-a.e. and in L 1, where c ~  = N c ~  is the tail a-algebra. Ap- 

plying Lemma 3.6 we get 

_ln ~ f , - k  o A k > f f dtt = H,(f31 ~3T ~ V C~oo) = H,(~31 ~3~ ~ #-a.e., 
k=0 

as claimed (the last equality is part of Pinsker Lemma, see [15], Lemma 7, p. 65). 

This concludes the proof of the two lemmas. II 

Remark: It might be interesting to note that the limit constant h ~ can also 

be identified as H(c~ ] c ~  V j3_~oo) in the one-to-one extension of (qr 2, #, A) to 

an invertible system. This is an easy consequence of Pinsker Formula (see for 

instance [15], Theorem 8, p. 66). 

Proof of Theorem 6.1: Once we prove part (a), part (b) follows immediately. 

So pick integers c, d such that  ac + bd = 1, and change coordinate using 

i.e, take 

:) a 

pn 1 

#' = U# and wn = E #~.5(3p-~,~ 
3=0 

Also, let ~o~ = d# ' /dwn be the Radon-Nikodym derivative. Since 

h' = h(#, A) - h(Tr,,,b#, ap) = h(#', A) - h(Tr0,1#', ap), 
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from Lemma 6.2 we see that 

991n/n ---+ e -h' #'-a.e. 

Fix some integers (dl, d2) r (0, 0), and consider 

1 " ~  1 ( ( ( ~ ) )  
9N(x,y)= k=oe dl,d2)B k , 

where e(t) = e 2~t. We need to show that gN --~ 0 #-a.e. As in the proof of 

Theorem 3.1, we estimate the &on integral, while changing coordinates: 

/IgN? dit 
= f IgNI2U-1 dit' 

J ~Pn 

. l  ]gNI2U-1 d~ < 

- - P ~ ' /  9N ( v - l ( X " ~ P - n ) )  2 dit'(x,y ) 
3=0 

1 Bz U_ 1 x + j p - n  --__ -~ ~1 p~l/e ((dl,d2)(B k -  ) ( Y ) )  dit'(x,y) 
k,l=O .7=0  

1 // b j n 
-< -N~ ~ E e (dl,d2)(B k - B l) - a  

k,l=O 3----0 
n 

-~--2@{0 < k,1 < N: ek = ct (mod pn)} 

where ck de: (dl,d2)B k (_b a Cd) (]0)= (dl'd2)Bk(ba) " 

By our assumptions, {ck} has almost-sub-exponential collisions mod p. On the 

other hand, by Lemma 6.2, (qOn o U) 1/n ) e - h '  < 1 it-a.e. We are now exactly 

in. the same situation as in the proof of Theorem 3.1, and we conclude in the 

same manner that gN ----~ 0 it-a.e. | 

Note that part (a) implies that {(dl,d2)Bkw} is uniformly distributed for it- 

almost every w E T 2. We also have the following corollary: 

THEOREM 6.4: Let A, B and It be as in Theorem 6.1. Assume that B has two 
eigenvalues A1, )~2 r 0 such that 

(13) det B, p are relatively prime, and ,kl, )~2, A1/A2 are not roots of unity. 
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Furthermore, assume that there exists some entropy-decreasing direction (a, b) 

for which ( L )  is not an eigenvector of B. Then all the consequences in (b) of 

Theorem 6.1 hold. 

Proof: Fix some integers (dl, d2) 7 ~ (0, 0), and let ck = (dl, d2)B k (_ba). 

{Ck} satisfies a recursion scheme with characteristic roots A1,A2. By 

Theorem 5.2 we can conclude that {ck} has almost-bounded cells rood p, once 

we show that it has no constant arithmetic subsequences. We can then apply 

Theorem 6.1. 

Since the scheme is non-degenerate (using the condition on Al,A2 and 

Proposition 5.1), if {ck } had a constant arithmetic subsequence, {ck } would have 

to be identically zero. Write (_b) = alUl +a2u2 where Ul, u2 are the eigenvectors 

of B corresponding to A1, A2. We have Ck = (dl, d2)" (alA~Ul + a2A2ku2). Assum- 

ing that  Ck = 0 for all k, we must have dimspank{alAkUl + a2A~u2} < 1, hence 

{alul,a2u2} are linearly dependent. But then al or a2 are zero, and so (be) is 

proportional to some u~, contradicting the last assumption of the theorem. | 

We add one more corollary: 

COROLLARY 6.5: For A ,#  as in Theorem 6.4, if in addition h(p,A)  > logp, 

then for any matrix B satisfying (13) all the consequences in (b) of Theorem 6.1 

hold. 

Proof: Take some ( b )  which is not an eigenvector of B. As 

h(Tra,b#, ap) < logp < .h(#, A), 

the direction (a, b) is entropy-decreasing. Now apply Theorem 6.4. | 

Examples: 1. Product measures. Let # = #1 x #2, with #1, #2 some p-invariant 

measures with entropies hi, h2, respectively. The total entropy of # is h = hi +h2, 

and we assume h > 0. 

If hi > 0, take (a, b) = (0, 1). As h(Tro,l#, ap) = h2 < h, this direction is indeed 

entropy-decreasing. (1, 0) is an eigenvector of B iff B is upper-triangular. If this 

is the case, we surely can't  guarantee in general uniformly distributed orbits; 

for instance, if we take #2 = ~0, an upper-triangular B would leave the X-axis 

invariant, insuring that #-almost every point does not have a uniform orbit. (It 

is easy to see in this example that (0, 1) is the only entropy-decreasing direction.) 

On the other hand, if B is not upper-triangular, we are in a position to apply 

the last theorem. 
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The  s i tuat ion is similar if h2 > 0: in this case B must  not be lower-tr iangular ,  

and then (a, b) = (1, 0) will do. 

If bo th  hi,he > 0, we claim tha t  any B satisfying (13) will do. Indeed,  if 

B is not  diagonal,  one of the two arguments  above will work. But  choosing 

(a, b) = (0, 1) or (a, b) = (1, 0) will also work If B is diagonal,  a l though bo th  are 

eigenvectors: use Theo rem 6.1, taking (a, b) = (0, 1) if da 5s 0 and (a, b) = (1, 0) 

otherwise.  

2. Diagonal measures.  Let p be a ap-invariant  measure  on the diagonal  

A = {(x ,x) :  x E "ii'}. Given a direction (a,b),  

h(Tra,b~ , (Tp) = h(O'a+bP , Crp) = { 
O, a ~ b ~ 

h(p,A), a r -b. 

Thus  we are forced to take (a,b) = ( 1 , - 1 ) .  To use Theo rem 6.4, (1, 1) must  

not  be  an eigenvector of B. Again, this is a na tura l  condition, since otherwise 

the diagonal  is invariant  under  the action of B,  and no orbit  will have a uniform 

distr ibution.  

3. Measures  on Cantor sets. The  rest of this section is devoted to point ing out 

a connect ion between entropy-decreasing directions and a similar phenomenon  in 

Hausdorff  dimension of Cantor  sets. 

To build a Cantor  set in ~d, pick an integer p (the base), and a set of allowed 
digits A C { 0 , . . . , p -  1} d. The  set 

O O  

KA = e = Z Vi e A} 
z = l  

is called a simple p-inyariant set  in ~,d. I t  is well known tha t  its Hausdorff  

d imension is dimH KA = logr/logp, where r = IAI. Let # denote  the na tura l  

measure  on KA, i.e. the one induced from the produc t  measure  on [I1 A which 

assigns equal  probabi l i ty  to each element of A. The  measure  # is A-invariant  and 

ergodic, where A = d i ag (p , . . .  ,p). Also, # is suppor ted  on K a ,  i.e., ~t(T 2 \ K A )  = 

0. A theorem of Furs tenberg  ([4], prop. 3.1; for an indirect but  shorter  proof  see 

[9], prop.  2.2) asserts  tha t  

h(#, A) _ log___~r _ d i m g  KA -- htop(KA, A) 
log p log p log p 

Thus  # has max imal -en t ropy  among  the measures  suppor ted  on KA. 

We will suppose  from now on tha t  d = 2, and B is a ma t r ix  of integers. We 

wish to use Theo rem 6.4 to find sufficient conditions under  which {Bn(~)}  is 
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uniformly distributed for p-almost every (~). We first need to find entropy- 

decreasing directions: 

PROPOSITION 6.6: If  a direction (a,b) decreases Hausdorff dimension, i.e., 

dimH(rC~,bKA) < dimH hA, then it is entropy-decreasing for the natural mea- 

sure p on KA. 

Proof: Suppose dimH K'  < dimH KA, where K '  = rCa,bKa. Let t, = 7ra,bp. Then 

h(tJ, crp) < htop(K t, O'p) < htop(KA, A) = h(p, A), 

hence (a, b) is entropy-decreasing. | 

We remark that if dimH KA > 1 every direction is entropy-decreasing, so the 

interesting case is when dimH KA _< 1. 

Typically, there will be an abundance of entropy- (or dimension-) decreasing 

directions. As an example, let us consider the case p = 3 and 

A = {(0,1),(1,0),  (1,1)}. 

It is easy to see that (1, 0), (0, 1) and (1, 1) are all entropy-decreasing; indeed here 

h (p, A) = log 3, while h(rra,bP, ap) = H(�89 ~) < log 3, for all three cases. Kenyon 

[8] analyzes this particular case in depth, and proves that dimH(rra,bKA) < 1 ~===> 

3 { a + b. (Kenyon also calculates the dimension of projections in irrational 

directions.) In general, 

7ra'bKA ~-- { E  a*P-~ : Vi a~ E A'}, 

where A' is the image of the map A ---+ Z defined by (x, y) ~-~ ax + by (cf. [9]). 

If this map is not one-to-one, then clearly 

_ _  log[a I dimH(KA). dimH(rra,bKA ) <- log IA'I < _ _  _ 
logp logp 

Returning to the last example, if B satisfies (13), the three vectors 

(ol) ,  (1~ (-~') cannot all be eigenvectors (remembering the two eigenvalues of 

B are distinct), and so the conditions of the theorem are fulfilled. 

We summarize this discussion with the following theorem. 

T H E O R E M  6 . 7 :  Let KA be a simple p-invariant set in T 2, for some integer p > 1. 

Let t3 denote a matrix satisfying (13). Suppose that the points of A C 7/, 2 are 
X not all on one line. Then {Bn(y)} is uniformly distributed for p-a.e. (~), where 

p is the natural measure on KA. 
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Proof: IAI > 3 from the assumptions. Draw in Z 2 all lines passing through two or 

more points of A. Denote them by l, = {(x, y) : a~x + b~y = c,}, when each a,, b~ 

is a pair of relatively prime integers. From our previous remarks, each direction 

(a,, b~) is entropy-decreasing. Among all lines, find three directions ul,  u2, u3 such 

that Ul, u2 are linearly independent. Let Vl, v2, v3 be the orthogonal vectors. If 

all three were eigenvectors of B, we would have v3 E span{vl,v2}, hence the 

eigenvalues of B would satisfy ,~1 = ~2, a contradiction. Now use Theorem 6.4. 
| 

7. M u l t i - i n v a r i a n t  sets  in 

H. Furstenberg [4] proved that whenever G C N is a multiplicative semigroup 

which is non-lacunary (i.e., not all elements of G are powers of one integer), then 

for every irrational a, {Ga} is dense in ~I'. An equivalent statement is that  if a pair 

of integers p, q are multiplicatively independent (i.e., logp / logq  r Q), then for 

every irrational a, {pnqma}~,m>>_l is dense mod 1. Furstenberg conjectured that 

under these conditions, { (pn+ qm)a},,,,m>_ 1 is dense as well. While this conjecture 

is still open, there was some advancement in related questions. Recently, B. Kra 

has proved the following: 

THEOREM 7.] ([11]): For i = 1, 2, let p,, q, be two multiplicatiyely independent 

integers whose absolute value is bigger than 1. Assume that Pl ~ P2 or ql ~ q2. 

Then for every pair of irrational numbers ~, j3, the set {p~ q'ff c~ ~-p'~ q~ ~ } is dense 

mod 1. 

We wish to present a short proof of a somewhat weaker version of this fact 

using the ideas from the last, section. This proof also employs ideas of Kra and 

Furstenberg. 

We can assume without loss of generality that Px > P2, but we will also need 

to assume that  Pl and ql are relatively prime, so that {q~'} has almost-bounded 

cells mod pl. 

We first need the following version of Theorem 6.1: 

PROPOSITION 7.2: Let A : ( pO1 p20)'B : ( ~1 q20) fOr sOme integers 

Pl,P2,ql,q2, and let # be an A-invariant and ergodic Borel measure on ~2. 

Assume that (0, 1) is an entropy-decreasing direction for #, and that {q'~ } has 

almost-bounded ceils modpl .  Then for all dl, d2 E Z, dl ~ 0 we have 

N--1 
(14) ~ e (dl, d2)B n ~ 0 ~t-a.e. 

n:o 
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Similarly, if (1, 0) is entropy-decreasing and {q~} has almost-bounded cells mod 

P2, equation (14) holds for any dl and any d2 # 0. 

The proof is completely analogous to the proof of Theorem 6.1, and we will not 

repeat it. The main difference is that 7ra,b# is not (in general) invariant. But if we 

restrict the allowed directions (a, b) to (0, 1) or (1, 0) only, it is. In this case the 

argument of the theorem works without a change; for (a, b) = (0, 1), the sequence 

{ck} defined in the statement of Theorem 6.1 is ck = (dl,d2)Bk(1) = dlq~. 

We will denote by Ad Lebesgue measure on T d. 

Proof of Theorem 7.1 when p~, q~ are relatively prime: Let S be the closure in 

T 2 of {(p~q'~a,p~q~/3)}. By Furstenberg's theorem, lrxS = 7ryS = T, where 

7rx, try denote projections on the axes. We claim that there is a Borel measure 

p on T 2, supported on S, which is A,B-invariant and rrx# = A1. To see this 

consider 

M = ( v :  v is a Borel probability measure, A~, = v, v(T 2 \ S) = O, 7rxv = A1}. 

M is non-empty, since it contains the lifting of A1 from the X-axis to S. The set 

M is also convex, closed (in the weak* topology), and invariant under the action 

of B. Hence there is a fixed point # for the B-action, which will be the desired 

measure. 

Denote by # = f # o  dr(O) the ergodic decomposition of (q[a,#,A). Each 

component #0 is A-invariant and ergodic, but is not necessarily B-invariant. 

However, 7rx#0 -- A1 for u-almost every 0, by ergodicity. Also, (0, 1) is an 

entropy-decreasing direction for Po, since 

h(Try#o,ap2 ) < logp2 < logpl = h(A, a m ) =  h(Trx#o,Opl) < h(#o, A). 

By the last proposition we get for every integer dl, d2 with d l #  0: 

1 ~  1 ( ( ( ; ) )  
= e dl,d2)B n > 0 #0-a.e., 

gN N n=0 

for almost every 0. Using the B-invariance of # we get 

dpo dr(O) ___..+ O. 

In particular, for all m # 0, (Trl,1/z)~(m) -- ft(m, m) = O. We conclude that 

7r1,1# = A1. But # is supported on S, and so AI(Tq,IS) = 1, hence 7h,lS = T. 

Recalling the definition of S, the claim of the theorem is proved. II 
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More information on bi-invariant sets and measures is contained in the 

following theorem. Recall that  the Hausdorff dimension of a measure # is 

defined by 

d i m p  = inf{dimH S: #(S) = 1}. 

THEOREM 7.3 ([14]): Let A = d i ag (a l , . . . ,  ad) and B = diag(b~, . . . ,  bd) be two 

diagonal endomorphisms of T d. Suppose that 

(15) la, I > 1, Ib, I > 1 and gcd(a,,b,) -- 1 fori  = 1 , . . . , d .  

(i) I f  # is a Borel measure on T i which is invariant for both A and B, then 

# has integer Hausdorff dimension. Moreover, if  # is ergodic for the action 

of the semigroup (A, B I and d im# = r, then there exists a projection 

P : ~ ) ~ such that d i m P #  = d im#  and P#  is Lebesgue measure 

on "ft. 

(ii) Every closed set S C T i such that AS  c S and B S  C S has an integer 

Hausdorff dimension. I fd imH S = 0 then S is a finite set, and if dimH S = d 

then S = ~2 d. 

I f  A is conformal, i.e., al . . . . .  ad, then the assumptions on B can be 

relaxed: it suffices that B has integer eigenvalues b i , . . . ,  bd such that (15) holds. 

[14] also contains a pointwise version of this theorem. 

8. C o n c l u d i n g  r e m a r k s  a n d  q u e s t i o n s  

In this section we list some problems we were not able to solve. 

PROBLEM 1. In Proposition 3.4 we saw that  7tp, the class of p-Host sequences, 

is not closed under sums, but is closed to translations, as well as addition or 

multiplication by a scalar. Is 7/p closed under multiplication? 

If two sequences are restrictions to N of p-adic analytic functions, then their 

product is obviously in 7/p, using this theorem. However, Example 3.5 shows 

that  there are p-Host sequences that  lack any of the combinatorial properties 

of Definition 2.1. In particular, such a sequence cannot be the restriction of a 

continuously differentiable p-adic function with a finite number of critical points. 

1 ~-~N- 1 PROBLEM 2. Is there a sequence {ck} such that  N L,k=0 ack# ~ A for ev- 

ery ap-invariant and ergodic p with positive entropy, yet {ck} is not a p-Host 

sequence? 

If Host 's  theorem is false for multiplicatively independent p, q, then a sequence 

like Ck = 6 k might be an example, for p -- 2. In this case, the weak property 
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• ~ (r~# ~ )~ follows already from Rudolph's theorem, since any limit measure N 

is both a2- and a3-invariant. 

PROBLEM 3. IS it possible to prove Host's theorem assuming only that p,q 

are multiplicatively independent? Johnson and Rudolph [7] proved the following 

weaker result: for every p-invariant and ergodic measure # with positive entropy, 

N - 1  
1 

(16) , 
k=0 

The stronger pointwise result follows from Host's argument in case h = h(#, ap) > 

C, where 0 < C < 1 is a constant depending on p, q. To see that, assume first 

that some prime factor of p does not divide q. Then the collision number of 

{qk} is of magnitude p,~(l+e) for some 0 < e < 1. If h/logp > e, the proof of 

Theorem 3.1 will work just the same. 

If all prime factors of p divide q, we can proceed in the following way: it is 

enough to prove (16) when q is replaced by some fixed power qt (the sequence 

in (16) simply breaks to l similar subsequences with q replaced by qt). Also, if 

Plq, we can replace q by q/p. By replacing q by a suitable expression of the form 

qt/pn we can return to the previous case. 

It is also possible to derive from here (16) assuming only positive entropy, for a 

large class of sequences {cA} replacing {q~}; this is carried out in Lindenstrauss, 

Meiri and Peres [12]. 

PROBLEM 4. As we remarked in the introduction, D. Rudolph noticed that  

from (16) it follows that for every such # there exists a subsequence nk such that 

aqkp ~ A. 

Is it true that a~# ~ )~ as well, at least for relatively prime p and q? 

Rudolph's proof implies that the convergence holds outside a set with zero upper- 

density. Lyons [13] showed that aq*# ~ )~ when p and q are relatively prime, 

and # is either a Riesz product or a Bernoulli measure. 
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